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Preface

There are three kinds of lies: lies, damned lies, and statistics. Mark T w ain

�

An In tro duction to Statistics, resulted in large part from the expansion of

the Berrien Coun t y Math and Science Cen ter at Andrews Univ ersit y from 30 stu-

den ts p er grade lev el to 50 studen ts p er grade lev el whic h w e endured from 1997

un til 2004. The t w o sim ultaneous sections of necessit y had di�eren t teac hers. F air-

ness issues in material co v ered and tested and the imfamous Thomas rules for �team

teac hing� (common gradeb o ok, common syllabus, common tests�co written) exerted

a strong in�uence.

The v arious editions ( 4th
through 6th

) of the college textb o ok b y T riola whic h

w e previously used for only a few w eeks in the fall had to o m uc h of a m urder and

ma yhem slan t. Being a Math and Science Cen ter, more science and math rather than

so cial examples seemed desireable. T eac hing means and standard deviations whic h

in v olv e fractions and square ro ots seemed b est pro ceeded b y at least a review of suc h

concepts.

These statistics lessons serv e as the basis for further usage b y our grade nine stu-

den ts in their Arts and Science EXPO practice pro ject in the fall and for the real

EXPO/ISEF pro ject in the spring. These EXPO pro jects ha v e b een run in termit-

tan tly under the ISEF rules since 1994�95 so original researc h is required. This has

necessitated the inclusion of t w o statistical tests, the Studen t t -test and Chi-square

Go o dness of Fit. The formal bac kground needed for a theoretical understanding is

deferred, ho w ev er, un til their sophomore y ear. A ten th of eac h semester examination

for grades nine and ten has b een o v er Descriptiv e Statistics. Th us, w e ha v e encour-

aged the studen ts to retain the textb o oks for reference all y ear. They can then b e

relunctan t to giv e them up in the spring, or ev en at graduation, and th us subsequen tly

o ccup ying an honored place of reference in their college dorm ro om.

Studen t placemen t and acceleration remain concerns whic h in recen t y ears has

b een complicated b y the mo v e of statistics from the fall in to the spring for cen ter

sophomores and juniors. Starting the sc ho ol y ear with statistics and review can b ond

the studen t with their TI-series graphing calculator (TI-84 mo de for the TI- n spire)

�
T w ain notes attribution to Disraeli in his autobiograph y , but the concept is older. See

http://www.york. ac. uk /d ept s/ ma ths /h is tst at /l ies .h tm for a detailed history .
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x ST A T'S LESSON 0. PREF A CE

is the curren t recommendation for freshmen through juniors and the TI-89 titanium

for seniors). Studen ts joining as sophomores or juniors presen t extra c hallenges.

More college studen ts are required to tak e Statistics than Calculus, y et Calculus

remains the fo cus of our math curriculum. Ab out half of our graduates c ho ose ma-

jors outside the �elds of mathematics, science, computers, and engineering. Studen ts

whose algebra skills are still b eing dev elop ed during Calculus are p erhaps less mo-

tiv ated than optim um. AP Statistics do es not �t within the Geometry , Algebra I I,

Precalculus prerequisites. W e ha v e b een able to o�er/supp ort AP Statistics to/for

some individual studen ts ((Matt S.), Mik e P ., (Eric W.)) and four groups of acceler-

ated studen ts (12 juniors, 1999�2000; 10 sophomores, 2004�05; 17: sophomores (12),

juniors (2), seniors (3), 2007�08; 15: sophomores (8), juniors (6), senior (1), 2010�11)

In summary , w e hop e to co v er ab out half the AP Statistics curriculum for all our

studen ts but spread o v er their freshmen through junior y ears. These 10 lessons are

follo w ed b y 15 lessons their sophomore y ear in Probabilit y and Distributions. The

junior comp onen t on Hyp othesis T esting remains ill-formed, ho w ev er, at this time.

Mathematics on the w eb has b een slo w to dev elop. As a T eX user since 1988,

I'v e b een rather disapp oin ted with m y options. In 1995, I though t Windo ws 95 and

the subsequen t explosion of the W orld Wide W eb w ould allo w XML to eclipse HTML

as a w a y to format page con ten t. W e started co ding this in HTML an yw a y in the

summer of 1998. Mean while, XML lagged and A dob e's PDF to ok a strong hold.

Th us a ma jor con v ersion w as done during the 2006�07 sc ho ol-y ear to con v ert these

lessons from HTML to PDF via LaT eX, a deriv ativ e of T eX, th us retaining online

access while p ermitting prop er formatting of the material.

2007�08 sa w quotes added and the biographies �nished. A cetate answ ers w ere re-

placed with p o w erp oin t st yle p dfs. In 2008�10 w e concen trated on p olishing things�

few er w arts remain.

I o�er m y thanks to Sally A dkin, founder/director, and Mr. Lundgren, subsequen t

director of the Berrien Coun t y Math and Science Cen ter. Inn umerable in ternet users

who came up on these lessons via a searc h engine ha v e con tributed in v arious w a ys.

Rob erto Ordóñez (1997�98), and Aurora Burdic k (1998�2000) w ere in v olv ed in v arious

roles. A sp ecial thanks go es to Shirleen Luttrell (1998�2007) without whom these

lecture notes w ould nev er ha v e gotten o� the ground, nor �ourished.
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0.1 Statistics Pro ject

Collect at least 15 newspap er/magazine clippings

or articles that use descriptiv e statistics as a w a y

of displa ying or relating information or data (15

p oin ts) . Include and lab el sev eral whic h are de-

ceptiv e or exaggerate discrepancies (10 p oin ts) .

W rite a few sen tences describing the t yp e of graph-

ical represen tation, its meaning (15 p oin ts) , and

y our opinion of its v alidit y (5 p oin ts) .

Use clippings/articles whic h are as curren t as prac-

tical from a v ariet y of sources and on a v ariet y of

topics. Include enough information so that the item

could b e relo cated (magazine name, date, page n um-

b er, etc. ) (30 p oin ts) . The In ternet ma y b e used

for SOME.

Be neat, organized, (15 p oin ts) and use a co v er

sheet (10 p oin ts) with the information on the bac k

of this page cen tered and nicely spaced. (More than

one article p er sheet (or sheet p er article!) tends

strongly to violate neatness and organization.)

Our standard review b on us structure will apply to

this assignmen t.
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0.2. ST A TISTICS PR OJECT R UBRIC xi

0.2 Statistics Pro ject Rubric

Item Score P ossible

Num b er of Articles 15

deceptiv e 10

description 15

v alidit y/opinion 5

citation 30

neatness 15

co v er sheet 10

b on us (extras) � 10
subtotal 100

early b on us/late demerits � 20%
total 100� 32?

Item Score P ossible

Num b er of Articles 15

deceptiv e 10

description 15

v alidit y/opinion 5

citation 30

neatness 15

co v er sheet 10

b on us (extras) � 10
subtotal 100

early b on us/late demerits � 20%
total 100� 32?

Item Score P ossible

Num b er of Articles 15

deceptiv e 10

description 15

v alidit y/opinion 5

citation 30

neatness 15

co v er sheet 10

b on us (extras) � 10
subtotal 100

early b on us/late demerits � 20%
total 100� 32?

Item Score P ossible

Num b er of Articles 15

deceptiv e 10

description 15

v alidit y/opinion 5

citation 30

neatness 15

co v er sheet 10

b on us (extras) � 10
subtotal 100

early b on us/late demerits � 20%
total 100� 32?

Item Score P ossible
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deceptiv e 10

description 15

v alidit y/opinion 5

citation 30

neatness 15

co v er sheet 10

b on us (extras) � 10
subtotal 100

early b on us/late demerits � 20%
total 100� 32?

Item Score P ossible

Num b er of Articles 15

deceptiv e 10

description 15

v alidit y/opinion 5

citation 30

neatness 15

co v er sheet 10

b on us (extras) � 10
subtotal 100

early b on us/late demerits � 20%
total 100� 32?
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Stat's Lesson 1

De�nitions, Uses, Data T yp es, and

Lev els of Measuremen t

Measure what is measurable and

mak e measurable what is not so. Galileo Galilei

This is the �rst lesson of ten in a series in tro ducing statistics. W e concen trate on

descriptiv e statistics o v erall and on some basic de�nitions and lev els of measuremen t

in this lesson.

W e will also con tin ue to feature famous mathematicians and scien tists in this se-

ries of lessons. These w ere pic k ed with care. Some are imp ortan t for the scien ti�c

metho d (Galileo, Bacon, T yc ho), some for science/mathematics in general (Kelvin,

P oisson, Cheb yshev), and the rest due to their con tribution sp eci�cally to statis-

tics (Fisher, T uk ey , Gosset, P earson). A few scien tists/p oliticians are noted only

in passing. These include: Millik an (1), Y ates (1), F ahrenheit/Rankine/Celsius (1),

Gallup/Dew ey/T ruman (2). Except for the quote here and in lessons t w o and three

b y T yc ho and Mic helson/Kelvin, they are just for fun, without the burden of kno wing

who said it. T o da y's biograph y is on Galileo.

1.1 Italian F ather of Mo dern Science: Galileo Galilei

Galileo Galilei (1564�1642), often referred to only as Galileo, w as an Italian

mathematician, astronomer, and ph ysicist. He made sev eral signi�can t con tributions

to mo dern scien ti�c though t. He is considered a founder

�
of the scien ti�c or exp eri-

men tal metho d on whic h mo dern science is based. He is esp ecially noted for b eing the

�rst man to study the skies with the telescop e and pro ving the Earth rev olv es around

the Sun. F or thousands of y ears man y men w ere con ten t to assume hea vier things fell

�
F rancis Bacon and T yc ho Brahe are also giv en credit for recognizing the need for using the

inductiv e (scien ti�c) metho d to disco v er a few p o w erful la ws and theories ab out ho w nature w orks.

1



2 ST A T'S LESSON 1. DEFINITIONS, USES, D A T A TYPES/MEAS.

faster, but Galileo pro v ed theoretically that falling b o dies ob ey what is no w kno wn as

the la w of uniformly accelerated motion . He gathered evidence that pro v ed the

Earth rev olv es around the Sun and that it w as not the cen ter of the univ erse as w as

then b eliev ed. More imp ortan tly , he main tained this p osition despite trial in Rome

and c h urc h orders to recan t. He w as forced to sp end the last eigh t y ears of his life

under house arrest. His most far-reac hing ac hiev emen t w as the re-establishmen t of

the scien ti�c metho d against Aristotle's �a w ed approac h.

Galileo w as b orn at Pisa in 1564. He studied medicine at the univ ersit y there

starting in 1581. Supp osedly it w as here in the Pisa cathedral during his �rst y ear

that he observ ed a lamp swinging and found that its p erio d w as constan t, indep en-

dan t of the amplitude of the oscillation. Later in life he v eri�ed this observ ation

exp erimen tally and suggested that this principle migh t b e used to regulate clo c ks. A

c hance Geometry lesson he o v erheard a w ak ened his in terest in mathematics and he

b egan to study Mathematics and Science. In 1585, b efore he receiv ed a degree, he

w as withdra wn from the univ erisit y due to lac k of funds. F our y ears later his treatise

on cen ter of gra vit y earned him a p ost of mathematics lecturer bac k at Pisa. Galileo

sp en t his c hildho o d and the in terv ening y ears in Florence. In 1592 he w as a w arded

the c hair of mathematics at P adua where he remained for 18 y ears and p erformed the

bulk of his w ork.

Galileo had a long-standing con�ict with the Roman Catholic c h urc h regarding

its teac hing of a geo cen tric univ erse (Aristotle). Galileo's b eliefs w ere supp orted

b y observ ations of craters on the mo on, sunsp ots, and the helio cen tric solar system

(Cop ernicus). Galileo said � The b o ok of nature is written in clear mathematical

form. � Although often attributed to him, he ma y ha v e quoted others for � The b o ok

of scriptures w as written to sho w us ho w to go to hea v en, not ho w the hea v ens go. �

Galileo had enough faith in the mathematical mo del of a mo ving earth to su�er

condemnation b y the establishmen t (Catholic c h urc h) un til 1992! The y ear Galileo

died (1642) w as the y ear Newton w as b orn.

1.2 The Basis of Science: The Scien ti�c Metho d

Aristotle dev elop ed his theories of nature in the deductiv e st yle of logic. A few

truths w ere accepted as ob vious and other statemen ts follo w ed logically . Th us for

almost 2000 y ears a horse had 40 teeth b ecause Aristotle said so, not b ecause an y one

actually op ened a horses mouth and coun ted.

y

The scien ti�c metho d is the accurate observ ation of facts and the determination

of order among the facts. Generally these are framed in mathematical form. This

ma y b e done b y inductiv e reasoning, inference from a n um b er of observ ed facts, or

y
V ariations on this parable are often set in ancien t Greece or the y ear 1432, sometimes attac hed

to a monestary , and w ere often attributed to Thomas A quinas or Roger/F rancis Bacon.
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1.3. INTR ODUCTION TO ST A TISTICS 3

b y deductiv e reasoning from a set of principles. Often, predictions are p ossible that

are op en to exp erimen tal testing.

The scien ti�c metho d usually has at least �v e steps: (i) stating the problem; (ii)

forming the h yp othesis; (iii) observing the exp erimen t (taking data); (iv) in terpretting

the data; and (v) dra wing the conclusion b y dev eloping theory . These steps, ho w ev er,

often don't follo w that exact order; unexp ected results are often observ ed! These

c hec kp oin ts are often used to arrange and write up an exp erimen t.

Mathematics itself is seldom in con�ict with religion. Ho w ev er, science, scien tists,

the scien ti�c metho d, and the scien ti�c theories generated often are. In general,

scien ti�c theories cannot b e rigorously pro v ed. Mo dels are constructed whic h giv e an

appro ximate men tal picture, often giving a deep er understanding, though analogy .

W ell-dev elop ed mo dels b ecome theories and theories lead to la ws ab out ho w nature

w orks or b eha v es. Scien ti�c la ws generally cannot b e brok en, unlik e p olitical la ws

(the la w of gra vit y vs. the sp eed limit). La ws are v alid o v er a wide range of cases and

an y limitations or range of v alidit y is clearly understo o d.

Scien tists conduct their exp erimen ts as if the generally accepted theories/la ws

w ere true, while k eeping an op en mind in case new information is rev ealed.

Science encompasses a v ast b o dy of empirical kno wledge and to try to pic k and

c ho ose what to b eliev e and what not to b eliev e is an afron t to the scien ti�c metho d.

P op es Pius XI I in 1951 and John P aul I I in 1996 declared that Catholics ma y

accept Ev olution as more than a h yp othesis and the Big Bang as a � splendid solution �

without con tradicting their faith. One can only hop e that other religious groups

will consider a similar p osition within a few nanoh ubble times.

z
Little more can b e

said here while scrupulously a v oiding either the fact or app earance of inadequate

separation of secular and sectarian activities as required b y the con tract b et w een the

coun t y and univ ersit y .

1.3 In tro duction to Statistics

The term statistics has t w o basic meanings. First, statistics is a sub ject or �eld

of study closely related to mathematics. This t w o w eek, ten lesson unit serv es as

a short in tro duction, brie�y co v ering the area kno wn as descriptiv e statistics, and

in tro ducing t w o inferen tial statistical tests.

Descriptiv e statistics generally c haracterizes or describ es a set of data elemen ts

b y graphically displa ying the information or describing its cen tral tendancies and

ho w it is distributed.

Cen ter sophomores generally sp end sev eral w eeks reviewing this material and ex-

z
A Hubble time is the age of the univ erse, with a curren t b est estimate of 13.73(12) billion y ears.

In tro duction to Statistics�p df
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4 ST A T'S LESSON 1. DEFINITIONS, USES, D A T A TYPES/MEAS.

tending their study of statistics with 15 lectures on probabilit y and distributions

with emphasis on the normal distribution. Those who wish to go further can study

inferen tial statistics, and th us prepare for the AP Statistics T est.

�
Our in ten t is for

juniors to ha v e completed o v er half that curriculum, when this in tro duction and the

subsequen t probabilities and distribution lessons are tak en in to accoun t.

Inferen tial statistics tries to infer information ab out a p opulation b y using infor-

mation gathered b y sampling.

Statistics : The collection of metho ds used in planning an exp erimen t and analyzing

data in order to dra w accurate conclusions.

1.4 General T erms Used Throughout Statistics

P opulation : The complete set of data elemen ts is termed the p opulation.

The term p opulation will v ary widely with its application. Examples could b e an y

of the follo wing prop er subsets:

y
animals; primates; h uman b eings; homo sapiens ; U.S.

citizens; who are high sc ho ol studen ts; attending the Math & Science Cen ter; living

in Berrien Coun t y; as freshmen (class of 2013); females; home sc ho ol of Niles, with

one y ounger brother.

Sample : A sample is a p ortion of a p opulation selected for further analysis.

Ho w samples are obtained or t yp es of sampling will b e studied in the next lesson.

Most an y of the examples ab o v e for p opulation could serv e as a sample for the next

higher lev el data set.

P arameter : A parameter is a c haracteristic of the whole p opulation.

Statistic : A statistic is a c haracteristic of a sample, presumably measurable.

The plural of statistic just ab o v e is the second basic meaning of statistics.

Assume there are 30 studen ts in a particular statistics class, with 6 going to Niles

High Sc ho ol. Since 6 is 20% of 30, w e can sa y 20% go to Niles. The 20% represen ts a

parameter (not a statistic ) of the class b ecause it is based on the en tire p opulation.

If w e assume this class is represen tativ e of all classes, and w e treat these 5 studen ts

as a sample dra wn from a larger p opulation, then the 20% b ecomes a statistic.

Remem b er: P arameter is to P opulation as Statistic is to Sample .

�
See http://www.coll eg ebo ar d.o rg /a p/s ta ti sti cs /h tml /i nd ex0 01 .ht ml .

y
See Num b ers Lesson 1 on sets.
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1.5. A CCURA CY VS. PRECISION 5

1.5 A ccuracy vs. Precision

The distinction b et w een accuracy and precision, review ed earlier in Num b ers Les-

son 10 , is v ery imp ortan t and the studen t is assumed to b e familiar with it. Brie�y ,

precision is a measure of exactness or rep eatabilit y . and accuracy is a measure of

righ tness or ho w correct the result is.

1.6 Uses and Abuses of Statistics

Most of the time, samples are used to infer something (dra w conclusions) ab out

the p opulation. If an exp erimen t or study w as done cautiously and results w ere in ter-

pretted without bias, then the conclusions w ould b e accurate. Ho w ev er, o ccasionally

the conclusions are inaccurate or inaccurately p ortra y ed for the follo wing reasons:

� Sample is to o small.

� Ev en a large sample ma y not represen t the p opulation.

� Unauthorized p ersonnel are giving wrong information that the public will tak e

as truth. A p ossibilit y is a compan y sp onsoring a statistics researc h to pro v e

that their compan y is b etter.

� Visual aids ma y b e correct, but emphasize di�eren t asp ects. Sp eci�c examples

include graphs whic h don't start at zero th us exaggerating small di�erences

and c harts whic h misuse area to represen t prop ortions. Often a c hart will use

a sym b ol whic h is b oth t wice as long and t wice as high to represen t something

t wice as m uc h. The area, in this case ho w ev er, is four times as m uc h!

� Precise statisitics or parameters ma y incorrectly con v ey a sense of high accuracy .

� Misleading or unclear p ercen tages are often used.

Statistics are often abused. Man y examples could b e added, (ev en b o oks ha v e

b een written) but it will b e more instructiv e and fun to �nd them on y our o wn.

1.7 T yp es of Data

A dictionary de�nes data as facts or �gures from whic h conclusions ma y b e dra wn.

Th us, tec hnically , it is a collectiv e, or plural noun. Some recen t dictionaries ac kno wl-

edge p opular usage of the w ord data with a singular v erb. Ho w ev er w e in tend to

adhere to the traditional �English� teac her

z
men talit y in our grammar usage�sorry

z
My mother and step-mother w ere b oth English teac hers, so clearly no o�ense is in tended ab o v e.

In tro duction to Statistics�p df
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6 ST A T'S LESSON 1. DEFINITIONS, USES, D A T A TYPES/MEAS.

if �data are� just do esn't sound quite righ t! Datum is the singular form of the noun

data. Data can b e classi�ed as either n umeric or nonn umeric. Sp eci�c terms are used

as follo ws:

1. Qualitativ e data are nonn umeric.

P o or, F air, Go o d, Better, Best, colors (ignoring an y ph ysical causes), and t yp es

of material stra w, stic ks, bric ks are examples of qualitativ e data.

Qualitativ e data are often termed categorical data. Some b o oks use the terms

individual and v ariable to reference the ob jects and c haracteristics describ ed

b y a set of data. They also stress the imp ortance of exact de�nitions of these

v ariables, including what units they are recorded in. The reason the data w ere

collected is also imp ortan t.

2. Quan titativ e data are n umeric.

Quan titativ e data are further classi�ed as either discrete or con tin uous.

�
Discrete data are n umeric data that ha v e a �nite n um b er of p ossible

v alues.

A classic example of discrete data is a �nite subset of the coun ting n um b ers,

f 1; 2; 3; 4; 5g p erhaps corresp onding to Strongly Disagree, : : :, Strongly

Agree.

Another classic is the electric c harge of a single electron whic h w as �rst

con vincingly measured in 1911 in the Millik an Oil-drop Exp erimen t .

Quan tum Mec hanics , the �eld of ph ysics whic h deals with the v ery

small, is m uc h concerned with discrete v alues.

When data represen t coun ts , they are discrete. An example migh t b e ho w

man y studen ts w ere absen t on a giv en da y . Coun ts are usually considered

exact and in teger. Consider, ho w ev er, if three tardies mak e an absence,

then aren't t w o tardies equal to 0.67 absences?

� Con tin uous data ha v e in�nite p ossibilities: 1, 1.4, 1.41, 1.414, 1.4142,

1.41421, : : : ;
p

2.

The real n um b ers

x
are con tin uous with no gaps or in terruptions. Ph ysically mea-

sureable quan tities of length, v olume, time, mass, etc. are generally considered con-

tin uous. A t the ph ysical lev el (microscopically), esp ecially for mass, this ma y not b e

true, but for normal life situations is a v alid assumption.

x
See Num b ers Lesson 14 .
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1.8. LEVELS OF MEASUREMENT 7

The structure and nature of data will greatly a�ect our c hoice of analysis metho d.

By structure w e are referring to the fact that, for example, the data migh t b e pairs

of measuremen ts. Consider the legend of Galileo dropping w eigh ts from the Leaning

T o w er of Pisa. The times for eac h item w ould b e paired with the mass (and p erhaps

surface area) of the item.

1.8 Lev els of Measuremen t

The exp erimen tal (scien ti�c) metho d dep ends on ph ysically measuring things.

The concept of measuremen t has b een dev elop ed in conjunction with the concepts of

n um b ers and units of measuremen t. Statisticians categorize measuremen ts according

to lev els. Eac h lev el corresp onds to ho w this measuremen t can b e treated mathemat-

ically .

1. Nominal : Nominal data ha v e no order and th us only giv es names or lab els

to v arious categories. Y ou can only coun t nominal data, and cannot otherwise

measure it.

2. Ordinal : Ordinal data ha v e order , but the in terv al b et w een measuremen ts is

not meaningful.

3. In terv al : In terv al data ha v e meaningful in terv als b et w een measuremen ts, but

there is no true starting p oin t (zero).

4. Ratio : Ratio data ha v e the highest lev el of measuremen t. Ratios b et w een

measuremen ts as w ell as in terv als are meaningful b ecause there is a starting

p oin t (zero).

Nominal comes from the Latin ro ot nomen meaning name . Nomenclature, nom-

inativ e, and nominee are related w ords. Gender is nominal. (Gender is something

y ou are b orn with,

{
whereas sex

k
is something y ou should get a license

��
for.)

Example 1: Colors

{
The dictionary de�nes gender as the fact or condition of b eing male or female, esp ecially re-

garding ho w this a�ects or determines a p erson's self image, etc. Th us genitals ma y not b e the only

determining factor and hormonal and en vironmen tal in�uences ma y dominate.

k
Unfortunately , dictionaries generally note b oth maleness/femaleness in addition to sexual in ter-

course in the v arious de�nitions of sex.

��
Although this statemen t is consisten t with the federal abstinence-only program whic h sp eci�es

that the exclusiv e purp ose of the education m ust b e to �teac h that a m utually faithful monogamous

relationship in the con text of marriage is the exp ected standard of h uman sexual activit y� and that

�sexual activit y outside of the con text of marriage is lik ely to ha v e harmful psyc hological or ph ysical

e�ects,� sexualit y education ma y b e more e�ectiv e if con traception information is included, as the

ma jorit y of paren ts prefer. www.ejhs.org , V olume 4, June 25, 2001.
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T o most p eople, the colors: blac k, bro wn, red, orange, y ello w, green, blue, violet,

gra y , and white are just names of colors.

T o an electronics studen t familiar with color-co ded resistors, this data is in as-

cending order and th us represen ts at least ordinal data.

T o a ph ysicist, the colors: red, orange, y ello w, green, blue, and violet corresp ond

to sp eci�c w a v elengths of ligh t and w ould b e an example of ratio data.

Example 2: T emp eratures

What lev el of measuremen t a temp erature is dep ends on whic h temp erature scale

is used. Sp eci�c v alues: 0�
C = 32�

F = 273.15 K = 491:69�
R 100�

C = 212�
F

= 373.15 K = 671:67�
R � 17:8�

C = 0�
F = 255.4 K = 459:67�

R where C refers

to Celsius (or Cen tigrade b efore 1948); F refers to F ahrenheit; K refers to Kelvin; R

refers to Rankine.

Only Kelvin and Rankine ha v e true zero es (as starting p oin t) and ratios can b e

found. Celsius and F ahrenheit are in terv al data; certainly order is imp ortan t and

in terv als are meaningful. Ho w ev er, a 180�
dash b oard is not t wice as hot as the 90�

outside temp erature (F ahrenheit assumed)! Rankine has the same size degree as

F ahrenheit but is rarely used. T o in tercon v ert F ahrenheit and Celsius, see Num b ers

Lesson 13 . (Note that since 1967, the use of the degree sym b ol on temp ertures Kelvin

is no longer prop er.)

Although ordinal data should not b e used for calculations, it is not uncommon

to �nd a v erages formed from data collected whic h represen ted Strongly Disagree, : : :,

Strongly Agree! Also, a v erages of nominal data (zip co des, so cial securit y n um b ers)

is rather meaningless!

c
 MMX b y Ke i�
G. Calkins Octob er 31, 2010 In tro duction to Statistics�p df

5



1.9. HOMEW ORK, ST A T'S INTR ODUCTION 9

Name Score

1.9 Homew ork, Stat's In tro duction

Eac h problem is w orth t w o p oin ts.

1. What is the di�erence b et w een statistics and statistic ?

2. What is the di�erence b et w een descriptiv e and inferen tial statistics?

3. W ould y ou trust a 1998 p oll to b e accurate when sa ying that Clin ton needs to

resign if y ou �nd out that the p oll is collected b y p eople calling in resp onse to

a newspap er article? Wh y or wh y not?

4. Complete the follo wing comparison: P arameter is to ?................?, as statistic

is to ?..............?.

5. What are the t w o catagories of data starting with the letter q ?

6. If n umeric data are not discrete , then they m ust b e ?.................?.

7. Arrange in order from highest to lo w est the four lev els of measuremen t.

8. If y our teac her's p ortfolio dropp ed 16% in v alue, sho w ho w to �nd what p ercen t

increase (from the resulting, new v alue) w ould b e required to return it bac k to

its original v alue?
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10 ST A T'S LESSON 1. DEFINITIONS, USES, D A T A TYPES/MEAS.

The �rst edition of a textb o ok con tained 600 exercises. F or the revised edition,

the author remo v ed 50 of the original exercises and added 350 new exercises.

Complete eac h of the follo wing statemen ts.

9. There are ?..............? exercises in the revised ed.

10. There are ?..............? more exercises in the revised edition than the 1st ed.

11. There are ?..............?% more exercises in the revised edition than the 1st ed.

12. ?..............?% of the [revised edition] exercises are new.

13. Assume 25% of the deer p opulation is infected with TB. Supp ose the total p opu-

lation is reduced b y 10% b y recurring ann ual metho ds. If the initial p opulation

w as 100,000, ho w man y infected deer are left? (Assume that the reduction

metho ds op erate indep endan tly of infection.)

14. In t w o w ords , describ e the di�erence b et w een precision and accuracy .

15. If 0�
C = 32�

F and 100�
C = 212�

F, �nd the temp erature whic h is represen ted

b y the same n um b er on b oth scales.

16. is something y ou are b orn with, whereas is something

y ou should get a for.
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Stat's Lesson 2

The Ho w and Wh y of Statistical

Sampling

I'v e studied all a v ailable c harts of the planets and stars and none of them

matc h the others. There are just as man y measuremen ts and metho ds

as there are astronomers and all of them disagree. What's needed is a

long term pro ject with the aim of mapping the hea v ens conducted from a

single lo cation o v er a p erio d of sev eral y ears. T yc ho Brahe

In this lesson w e will discuss v arious asp ects of statistical sampling. W e discuss

four p oin ts to consider, �v e t yp e of sampling, sampling errors, t yp es of questions, and

the imp ortance of record k eeping. Information on exp erimen tal design is p ending.

2.1 Danish F ather of Mo dern Astronom y: T yc ho Brahe

T yc ho Brahe (1546�1601) w as sligh tly older than Galileo and made a signi�can t

con tribution to our understanding of the solar system. He w as a Danish nobleman

famed for his accurate and comprehensiv e nak ed ey e astronomical observ ations and

alc hem y (then a resp ected o ccupation). A predicted eclipse in 1560 fascinated him.

Three y ears later at age 17 he wrote the quote giv en ab o v e.

T yc ho, as he w as commonly called in the Scandina vian tradition, w as giv en an

island estate with funding to build a researc h institute. His large astronomical instru-

men ts, go o d seeing conditions, and careful and redundan t measuremen ts w ere instru-

men tal in Kepler's calculations of Mars's ellipitical orbit and his la ws of planetary

motion whic h o v erturned the Ptolemaic (geo cen tric with epicycles) and established

the Cop ernican (helio cen tric) system.

�
Ho w ev er, from ab out 1610 when Galileo ob-

serv ed the phases of V en us and o v erturned the Ptolemaic system, un til after Galileo's

death when the Cop ernican system to ok o v er, a T yc honic system w as common and

�
Cop ernicus is kno wn as the father of mo dern astronom y .

11



12 ST A T'S LESSON 2. HO W & WHY OF ST A T. SAMPLING

ev en supp orted b y the Roman Catholic Ch urc h. In this system the planets orbited

the sun, but the sun orbited the earth. In 1572 T yc ho coined the term no v a for a new

star when he observ ed a sup erno v a. This later inspired a P o e p o em and is probably

referenced in Shak esp eare's Hamlet as the � star that's w est w ard from the p ole. � Ke-

pler only had access to limited data b efore T yc ho died and he obtained the rest only

after some con tro v ersy .

T yc ho's nose w as cut o� in a duel when he w as 20. He usually w ore a prosthetic

nose. History records it b eing made of gold and silv er, but in 1901 when they op ened

his gra v e they found green in his sin us area suggesting copp er. T yc ho at one p oin t

o wned 1% of Denmark's w ealth. His tame mo ose apparen tly got drunk at a part y ,

fell do wn the stairs, and died. Kepler's accoun t of T yc ho's death w as consisten t with

a bladder infection brough t on b y sta ying un til the end of a banquet. He died elev en

da ys later. Recen t evidence suggests T yc ho died of mercury p oisoning and man y

doubt he w ould ha v e p oisoned himself.

2.2 P oin ts to Consider

Before analyzing data statistically , it is imp ortan t to consider if the data w ere col-

lected appropriately . Man y y ears of lab or and ev en careers ha v e b een virtually w asted

b ecause of fundamen tal �a ws in the data collection step. The statistical analysis will

only lik ely b e a minor part of the total exp ense of a prop erly conducted exp erimen t,

so time, e�ort, and money sp en t ensuring the data are collected appropriately is cer-

tainly w ell sp en t. The computer adage G arbage I n, G arbage O ut or GIGO is rather

aprop os.

Ensure that the sample size is large enough.

Although a large sample is no guaran tee of a v oiding bias, to o small a sample

is a recip e for disaster. Ho w to determine minim um sample size go es b ey ond the

scop e of this in tro duction, but su�ce it to sa y there are w ell established tec hniques

to determine suc h. These tec hniques are based on the Cen tral Limit Theorem and

some information can b e found in Probabilities and Distributions Lesson 11 .

Better results are obtained b y measuring instead of asking.

A go o d classro om example w ould b e to collect p eople's heigh ts. W e exp ect suc h

data migh t b e randomly distributed. Asking will result in sev eral sources of error.

P erhaps the most common b eing exaggeration, rounding, hair st yle, and sho e heel

v ariation or ev en complete absence of sho es. W ere y ou instead to measure eac h indi-

vidual, these sources of error could b e reduced. Y ou ma y still encoun ter systematic

errors . F ollo wing are some sources of systematic error. P erhaps y our measuring de-

vice is defectiv e. Sp eci�c examples migh t include the common fact that rulers often

don't start exactly at zero, but ha v e a little extra margin. Ma yb e the measuring
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2.3. METHODS OF SAMPLING 13

tap e is mark ed o� in inc hes on one side and ten th's of a fo ot on the other and some-

times the wrong side is read. T ap e measures can b ecome kink ed or ev en tangled

(esp ecially surv eying ca v es) . P erhaps b eing a Cen ter studen ts correlates with b eing

shorter or taller for some unkno wn reason. This migh t only b e a problem if y ou w ere

to use y our data to represen t a larger p opulation.

The medium used (mail, phone, p ersonal in terview) is imp ortan t.

Surv eys are a v ery p opular metho d of data collection for so cial issues. Mail surv eys

tend to ha v e a lo w er resp onse rates whic h will distort and hence �a w a sample.

Although telephone surv eys ma y b e relativ ely e�cien t and inexp ensiv e, the more time

consuming and corresp ondingly exp ensiv e p ersonal in terview allo ws more detailed and

complex data to b e collected. Be not called b y telemark eters�the �v e y ear don't call

list is expiring�y ou ma y need to reapply .

Be sure the sample is represen tativ e of the p opulation.

An observ ational study observ es individuals and measures v ariables of in ter-

est but do es not attempt to in�uence the resp onses. An exp erimen t delib erately

imp oses some treatmen t on individuals in order to observ e their resp onses.

Observ ational studies are then a p o or w a y to gauge the e�ect of an in terv en tion.

When our goal is to understand cause and e�ect, exp erimen ts are the only source

of fully con vincing data. Ho w ev er, imp osing treatmen ts ma y pro duce some ethical

concerns. See more b elo w under exp erimen tal design.

Before w e mo v e on to the next p oin t, w e should note that some studies are ret-

rosp ectiv e , or in v olv e lo oking bac k at past ev en ts, whereas others are prosp ectiv e

or trac k groups forw ard in time.

2.3 Metho ds of Sampling

Sampling is the fundamen tal metho d of inferring information ab out an en tire

p opulation without going to the trouble or exp ense of measuring ev ery mem b er of

the p opulation (census) . Dev eloping the prop er sampling tec hnique can greatly a�ect

the accuracy of y our results.

Statisticians ha v e classi�ed sampling in to �v e common t yp es, as giv en b elo w.

A sixth t yp e is sometimes included, the census. Ho w ev er, a census included ev ery

mem b er of the p opulation so is an improp er subset, so it is tec hnically not a sample.

Random Sampling : Mem b ers of the p opulation are c hosen in suc h a w a y that

eac h ha v e an equal c hance to b e measured.

Other names for random sampling include represen tativ e and prop ortionate

sampling b ecause all groups should b e prop ortionately represen ted . Consider what

migh t happ en if a telephone directory w ere used as a source for randomly selecting
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14 ST A T'S LESSON 2. HO W & WHY OF ST A T. SAMPLING

surv ey participan ts. Some p eople ha v e no phone, others ha v e m ultiple phones and

corresp onding listings. Still others ha v e unlisted phone n um b ers. In a�uen t areas

unlisted phone n um b ers w ere approac hing half the p opulation ab out the y ear 2000

and are certainly higher to da y . No w-a-da ys man y are giving up land lines and use

cell phone exclusiv ely . Cell phone directories are con tro v ersial at b est and the la w

disallo ws the use of computer dialers to access them. P ollsters commonly use comput-

ers to generate and dial phone n um b ers in an attempt to circum v en t these problems.

Ho w ev er, man y p eople consider suc h use of the telephone as an in v asion of their pri-

v acy and refusals or hang-ups ma y w ell signi�can tly in�uence the outcome. Some of

us ha v e learned to recognize these computer dialers and quic kly hang up. Suc h are

the pitfalls whic h m ust b e carefully considered in designing an exp erimen t, study , or

surv ey .

Systematic Sampling : Ev ery kth
mem b er of the p opulation is sampled.

The historic meaning of the w ord decimate , where ev ery 10th
Roman soldier w as

killed, usually b y his cohorts, is a gruesome example of systematic sampling.

Strati�ed Sampling : The p opulation is divided in to t w o or more strata and eac h

subp opulation is sampled (usually randomly).

Stratum is the singular form of the w ord strata whic h means to spread out . One

of the w ord's most common usage is in geology to describ e the la y ers of sedimen tary

ro c ks whic h ha v e formed during the earth's history . Gender and age groups w ould

b e commonly used strata. Classes is another term for strata. Eac h stratum m ust

share the same c haracteristic. Random sampling ma y w ell b e used to select a certain

n um b er of data p oin ts from eac h stratum. This is often the most e�cien t sampling

metho d.

Cluster Sampling : A p opulation is divided in to clusters and a few of these (often

randomly selected) clusters are exhaustiv ely sampled.

Exhaustiv ely means considering all elemen ts. Cluster sampling is used extensiv ely

b y go v ernmen tal and priv ate researc h organizations.

Con v enience Sampling : Sampling is done as con v enien t, often allo wing the ele-

men t to c ho ose whether or not it is sampled.

Con v enience sampling is the easiest and p oten tially most dangerous. Often go o d

results can b e obtained, but p erhaps just as often the data set ma y b e seriously

biased . Consider collecting GP A information from studen ts in deten tion. It ma y b e

con v enien t, but p erhaps not represen tativ e of the en tire studen t b o dy!

Be w ary of con v enience sampling.
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2.4. SAMPLING ERR OR 15

2.4 Sampling Error

W e ha v e listed ab o v e sev eral sources of sampling error . One of the most famous

sampling errors o ccurred in 1948 when the Gallup p oll predicted Dew ey w ould b e

elected presiden t o v er T ruman. The da y after the election, suc h an announcemen t

made the fron t page of a ma jor newspap er! Gallup then abandoned the quota system

and instituted random sampling based on clusters of in terviews nation wide. Sample

sub jects should b e selected b y the p ollster . They should not select themselv es as

they do via mail or p erhaps telephone surv eys. The systematic errors listed ab o v e

are examples of nonsampling errors .

Of great debate recen tly w as what to do with the errors whic h arise in the decennial

US Census . Considerable time w as sp en t b y all three branc hes of our go v ernmen t

addressing this issue for the 2000 census.

2.5 Question T yp es

Some questions are classi�ed as op en , whereas other questions are classi�ed as

closed . Op en questions elicit op en-ended resp onses and th us w ork b est in a p ersonal

in terview. Multiple-c hoice or true/false questions are a t yp e of closed question. Closed

questions can th us more easily b e co ded and analyzed b y a computer.

2.6 Record Keeping

In science esp ecially , a detailed lab noteb o ok is imp ortan t for serious w ork. Stan-

dards will v ary with the institution, lev el, and seriousness of the w ork. Some common

requiremen ts are as follo ws.

1. Records should b e k ept in a stitc hed noteb o ok of qualit y pap er.

2. En tries should b e made in ink with eac h page n um b ered (and none missing).

3. Eac h page should b e signed and dated b y the principle participan ts.

4. A full accoun t of eac h exp erimen t should b e giv en, including set-up, pro cedure,

original data, analysis, and conclusions. This migh t include who w alk ed in to

the ro om, when, what they w ere w earing, etc. Strong results sometimes ha v e

ev en stranger explanations!

5. Establish b eforehand who will retain the noteb o ok.

If surv eys are used b e sure to include the surv ey sp onsor, the date the surv ey

w as conducted, the size of the sample, the nature of the p opulation sampled, the
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16 ST A T'S LESSON 2. HO W & WHY OF ST A T. SAMPLING

t yp e of surv ey used, and the exact w ording of the surv ey questions. Other imp ortan t

issues include: assessing the risk to those surv ey ed, the scien ti�c merit of the surv ey ,

and the guaran tee of the sub ject's consen t to participate. An example of risk migh t

b e the hazard of plan ting ideas (rap e, m urder, suicide, etc. ) in someone's head or

reviving suppressed memories (abuse) while asking related questions. Nuclear p oi-

soning/fallout from the 1950's and asso ciated cancer deaths w ould b e another example

of risk whic h w as recen tly (Sep. 2000/1998) in the news.

Lab noteb o oks and other sources ha v e commonly b een used to establish priorit y

and paten t claims. This ma y o ccur long after the records w ere made, so detail and

clarit y are imp ortan t to remem b er. P aten ts and asso ciated ro y alties for the transistor,

the laser, and ev en computers ha v e dep ended on suc h records, long after the fact! Lab

write-ups are an essen tial part of an y science exp erimen t and will pro vide practice in

this area.

The principle author has done original researc h in sev eral di�eren t �elds (Chem-

istry , Mathematics, Ph ysics, and Computer Science) at v arious times in his career.

Organization has b een a k ey factor in suc h an ac hiev emen t. Without it, the abilit y

to mo v e b et w een �elds w ould b e sev erely hamp ered. Detailed records w ere certainly

imp ortan t when accusations of em b ezzlemen t arose!

F abrication or falsi�cation of data, although rare, is a serious breac h of ethics.

It can easily result in the end of a career ho w ev er promising it migh t ha v e b een.

Suc h record k eeping can b e extremely imp ortan t in trying to repro duce someone

else's �ndings. Y ou migh t consider it a sort of professional diary . Classic scien ti�c

failures include evidence of a �fth force (an tigra vit y) and cold fusion (no w kno wn as

lo w energy n uclear reactions or LENR). Di�eren tiating b et w een b eing mislead and

fabrication can b e v ery imp ortan t.

2.7 Exp erimen tal Design

More information on exp erimen tal design (treatmen ts, factors, blo c king, double

blind, latin square, randomized complete blo c k, matc hed pairs, replication, and sim-

ulation) should b e included here but isn't. Consult an y go o d Statistics b o ok or tak e

the AP Statistics course for more information.
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Name Score

2.8 Homew ork, Statistical Sampling

Eac h problem is w orth t w o p oin ts.

Iden tify eac h n um b er as discrete or con tin uous .

1. Y esterda y's records for MSC attendance sho w that t w o underclassmen w ere

absen t.

2. T o y ota hop es to pro duce 100,000 Prius h ybrids for the United States in 2005.

3. A 1999 Cadillac Escalade w eighs 5,600 p ounds.

4. The radar clo c k ed a Justin V erlander fastball at 101.4 mph.

Determine whic h lev el of measuremen t is most appropriate.

5. Colors of Skittles

TM

brand candies.

6. Final course grades of A, B, C, D, and F.

7. Daily high and lo w temp eratures at the Niles airp ort for 2004.

8. Time (in da ys) for a sunsp ot to b e visible from the earth.

Iden tify the t yp e or t yp es of sampling used for the follo wing.

9. George w en t through the telephone b o ok and called ev ery 89th
p erson listed.

10. F our p eople divided the telephone b o ok ev enly and eac h randomly sampling

from their p ortion.

11. All p eople with a 461 telephone exc hange are called.

12. Ev ery 5th
blo c k of 10 studen ts lea ving the Eau Claire High Sc ho ol cafeteria on

June 31 is exhaustiv ely sampled ab out their faith in random samples.
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18 ST A T'S LESSON 2. HO W & WHY OF ST A T. SAMPLING

13. What four letter w ords are asso ciated with con v enience sampling?

14. Di�eren tiate b et w een prosp ectiv e and retrosp ectiv e studies.

15. Giv e t w o other names for random sampling.

16. What is an op en question?

17. What is the a v erage of: 1, 1, 2, 4, 7?

18. Is this a closed question (y es or no)?

19. Giv e three examples where paten t litigation dragged on for y ears and lab oratory

notes b ecame v ery imp ortan t.

20. What is the di�erence b et w een an exp erimen t and a study?

21. Ho w imp ortan t are lab noteb o oks? Wh y?

c
 MMX b y Ke i�
G. Calkins Octob er 31, 2010 In tro duction to Statistics�p df

5



Stat's Lesson 3

A v erages: Mean, Mo de, Median, or

Midrange?

It seems probable that most of the grand underlying principles ha v e no w

b een �rmly established and that further adv ances are to b e sough t c hie�y

in the rigorous application of these principles to all the phenomena whic h

come under our notice....future truths of ph ysical science are to b e lo ok ed

for in the sixth place of decimals.

Mic helson in 1894, apparen tly quoting Kelvin

This lesson discusses the four ma jor t yp es of measures of cen tral tendency (a v er-

ages), whic h one is b est, and reviews round-o� rules. It closes with examples and a

calculator activit y .

3.1 The F ather of Thermo dynamics: Lord Kelvin

Ec hoing the Galileo quote from Lesson 1, Kelvin said: I often sa y that when y ou

can measure what y ou are sp eaking ab out, and express it in n um b ers, y ou kno w

something ab out it; but when y ou cannot measure it, when y ou cannot express it in

n um b ers, y our kno wledge is of a meagre and unsatisfactory kind.

William Thomson (1824�1907) w as b orn in Ireland, w ork ed most of his life in

Scotland, but is considered a British mathematical ph ysicist, engineer, in v en tor, and

leader. His ma jor w orks dealt with electricit y and thermo dynamics, including the

absolute temp erature scale named after him. His w ork in mathematical analysis did

m uc h to giv e ph ysics its curren t form. He w as also v ery in v olv ed as an engineer in

the la ying of an early transatlan tic cable, �rst used for telegraph. This later career

ga v e him w ealth, fame, and his title of Baron, but he w as commonly kno wn as Lord

Kelvin.

19



20 ST A T'S LESSON 3. A VE.: MEAN, MODE, MEDIAN, OR MIDRANGE?

Three of Kelvin's early pap ers w ere written under the psuedon ym P .Q.R. on the

topic of heat. His analogy of heat conduction with electrostatics w as ultimately

describ ed b y Maxw ell as one of the most v aluable science-forming ideas. By age

22 he w as app oin ted c hair of natural philosoph y at Glasgo w where he sta y ed o v er

50 y ears. Kelvin w as a ma jor con tributor to the dev elopmen t of the Second La w of

Thermo dynamics whic h states that p erfect e�ciency in energy exc hange is imp ossible

or en trop y (disorder) is alw a ys increasing.

3.2 A v erages

A v erage most often refers to the arithmetic mean, but is actually am biguous and

ma y b e used to also refer to the mo de, median, or midrange.

Y ou should alw a ys clarify whic h a v erage is b eing used, preferrably b y using a

more sp eci�c term. A v erages giv e us information ab out a t ypical elemen t of a data

set. A v erages are measures of cen tral tendency .

Mean most often refers to the arithmetic mean , but is also am biguous. Unless

sp eci�ed otherwise, w e will assume arithmetic mean whenev er the term is used.

The Arithmetic Mean is obtained b y summing all elemen ts

of the data set and dividing b y the n um b er of elemen ts.

A host of other means and their metho d of computation will b e discussed in

Statistics Lesson 4 . Sym b olically , the arithmetic mean is expressed as �x =
P

x i

n
,

where �x (pronounced � x -bar�) is the arithmetic mean for a sample and � is the

capital Greek letter sigma and indicates summation. x i refers to eac h elemen t of the

data set as i ranges from 1 to n . n is the n um b er of elemen ts in the data set. The

equation is essen tially the same for �nding a p opulation mean; ho w ev er, the sym b ol

for the p opulation mean is the small Greek letter � (m u). As w e will also see in

Statistics Lesson 5 , Roman letters usually represen t sample statistics, whereas Greek

letters usually represen t p opulation parameters.

Sample size is the n um b er of elemen ts in a sample.

It is referred to b y the sym b ol n .

Be sure to use a lo w er case n for sample size. An upp er case N refers to P opu-

lation Size , unless b eing used in the con text of a normally distributed p opulation.

Mo de is the data elemen t whic h o ccurs most frequen tly .

A useful mnemonic is to alliterate the w ords mo de and most. Alliterations start

with the same sound lik e: �sev en slipp ery slim y snak es slo wly slipping south w ard.�

Some data sets con tain no rep eated elemen ts. In this case, there is no mo de (or
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3.3. THE BEST A VERA GE 21

the mo de is the empt y set). It is also p ossible for t w o or more elemen ts to b e rep eated

with the same frequency . In these cases, there are t w o or more mo des and the data

set is said to b e bimo dal or m ultimo dal . In the rare instance of a uniform or

nearly uniform distribution, one where eac h elemen t is rep eated the same or nearly

the same n um b er of times, one could term it m ultimo dal, but some authors in v ok e

sub jectivit y b y sp ecifying m ultimo dalit y only when separate, distinct, and fairly high

p eaks (ignoring �uctuations due to randomness) o ccur. Th us mo de can b e sub jectiv e.

The Median is the middle elemen t

when the data set is arranged in order of magnitude ( rank ed ).

A useful mnemonic is to remem b er that the median is the grassy strip (in the

semirural area of the midw est where I come from) that divides opp osing lanes in a

high w a y . It is in the middle.

If there are an o dd n um b er of data elemen ts, the median is a mem b er of the data

set. If there are an ev en n um b er of data elemen ts, the median is computed as the

arithmetic mean of the middle t w o and th us ma y or ma y not b e a mem b er.

The median has other names whic h will b e studied in Statistics Lesson 7. The

sym b ol ~x (pronounced � x -tilde�) is sometimes used for the median, but will not b e

used here.

The Midrange is the arithmetic mean of the highest and lo w est data elemen ts.

Midrange is a t yp e of a v erage. Range is a measure of disp ersion and will b e

studied in Statistics Lesson 5. A common mistak e is to confuse the t w o.

Sym b olically , midrange is computed as:

xmax + xmin

2
.

3.3 The Best A v erage

The am biguit y of the term a v erage can lend to deception. Statisticians ma y often

b e cast as liars as a result. Note ho w adv ertisers ma y distort statistics to pursue their

goals.

Some basic facts regarding a v erages are as follo ws.

1. The mean, median, and midrange alw a ys exist and are unique.

2. The mo de ma y not b e unique or ma y not ev en exist.

3. The mean and median are v ery common and familiar.

4. The mo de is used less frequen tly; midrange is rarely used.

5. Only the mean is �reliable� in that it utilizes ev ery data elemen t.
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22 ST A T'S LESSON 3. A VE.: MEAN, MODE, MEDIAN, OR MIDRANGE?

6. The midrange, and also somewhat the mean, can b e distorted b y extreme data

elemen ts (see Statistics Lesson 8).

7. The mo de is the only appropriate a v erage for nominal data.

3.4 Round-o� Rules

The mo de, if it exists, and p ossibly the median are elemen ts of the data set. As

suc h, they should b e sp eci�ed no more accurately than the original data set elemen ts.

The midrange and p ossibly the median are the arithmetic mean of t w o data set

elemen ts. One additional signi�can t digit ma y b e necessary to accurately con v ey this

information.

The n um b er of signi�can t digits for the mean should conform to one of the fol-

lo wing rules.

1. The signi�can t digits should b e no more than the n um b er of signi�can t digits

in the sum of the data elemen ts. If the data ha v e fairly consisten t precision,

this should b e easy to determine.

�
Those rules w ere outline in Num b ers Lesson

10 . This is sometimes simplify as a rule of th um b

y
b y stating that the mean

should b e giv en to one more decimal place than the original data. Ho w ev er,

this assumes the data set is small ( n � 100) and that the data w as recorded to

a consisten t precision.

2. The n um b er of signi�can t digits should b e consisten t with the precision obtained

for the standard deviation. This concept is expanded up on in Statistics Lesson

5 after measures of disp ersion are discussed.

3. It is not uncommon in science for results to b e left in and p erhaps in terim

calculations sometimes rounded to three signi�can t digits , whic h is ab out

all y ou could get out of a slide rule. Hence, this w as commonly termed slide

rule accuracy . In pre-calculator da ys, this also made hand calculations easier.

The imp ortan t thing to remem b er is not to write do wn ten decimal places without

go o d reason, ev en though y our calculator will often displa y suc h.

Presen ting more than �v e signi�can t digits, except on v ariance,

is probably a jok e and p oin ts will b e deducted!

Please note the quote at the b eginning of the lesson regarding the state of pre-

cision in ph ysics just b efore 1900. Relativit y and quan tum mec hanics so on rev o-

�
Since the sample size ( n ) is an exact v alue, it has no a�ect on the n um b er of signi�can t digits

obtained from the division.

y
On a historic note, the term rule of th um b apparen tly do es not come from an y old English

la w to limit the size of stic k whic h a h usband could use to b eat his wife as often stated. Ho w ev er,

abusiv e relationships still remain an often hidden so cietal problem.
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lutionalized ph ysics and w e so on w ere lo oking at details in the nin th place! The

author's dissertation rep orted results of the cesium D1 transition cen troid frequency

as: 335 116 048 748.2(2.4) kHz. The (2.4) is the one standard deviation uncertain t y in

this result.

3.5 Examples

Example: The homew ork for Statistics Lesson 2 near the end had the question:

17. What is the a v erage of: 1, 1, 2, 4, 7?

Answ er: As w e ha v e seen in this lecture, this is a rather am biguous question and

the answ ers 1 (mo de), 2 (median), 3.0 (mean), and 4.0 (midrange) are all p ossible

and correct!

Example: A sample of size 5 ( n = 5 ) is tak en of studen t quiz scores with the

follo wing results: 1, 7, 8, 9, 10. Find the a v erage score.

Answ er: The mean is (1+7+8+9+10)/5 = 35/5 = 7.0 (note one more decimal

place is giv en). All scores o ccur only once, hence there is no mo de. The median

score is 8 (not 8.0). The midrange is (10+1)/2 = 5.5 (note the extra decimal place is

required).

An extreme score (1) distorts the mean so p erhaps the median is a b etter measure

of cen tral tendency . F or a larger data set, this could b e further de�ned in terms of

sk ewness (median and generally mean to the left of ( negativ ely sk ew ed ), righ t of

( p ositiv ely sk ew ed ), or same as ( zero sk ewness ) the mo de) and symmetry of the

data set. It is more common to b e p ositiv ely sk ew ed, since exceptionally large v alues

are easier to obtain due to lo w er limits. A case in p oin t w ould b e ann ual earnings.

Our left tail is cut o� b y zero, whereas our righ t tail is extremely sk ew ed b y the lik es

of Bill Gates, Berhard Mado�, and W arren Bu�ett.

Example: F orm the mean of the data set: 20, 1, and 1.5.

Answ er: Naiv ely , one migh t �nd 22.5/3.=7.5. Ho w ev er, if one w ere to tec hnically

follo w the rules for adding signi�can t digits, one w ould obtain 20/3=7, where the sum

20 w as formed using the prop er rules of signi�can t digits, and the quotien t 7 similarly .

3.6 A ctivit y: Calculator A v erages

Please use y our TI-84+ calculator for the follo wing activities.

Press the ST A T k ey and ENTER to select EDIT . No w en ter the homew ork

data from Statistics Lesson 2, question 17. Y our screen should app ear as in the left

screen in Figure 3.6 .

Press the 2nd MODE ( QUIT ) or just go directly to ST A T , arro w o v er to

CALC , and ENTER to select 1-V ar Stats . No w en ter 2nd 1 ( L 1 ). Although this
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24 ST A T'S LESSON 3. A VE.: MEAN, MODE, MEDIAN, OR MIDRANGE?

Figure 3.1: TI-84 Graphing Calculator Data in List (left); Mean and Standard Devi-

ation from 1 V ariable Statistics (middle); and Fiv e Num b er Summary (righ t).

last asp ect (L 1 ) is optional, it can sa v e a lot of grief, since y ou nev er kno w who set the

defaults to what! Y our screen should no w app ear as in the middle screen in Figure

3.6 .

�x is the arithmetic mean. Also sho wn are the sum of the data elemen ts and the

sum of their squares. Next is Sx . This is the sample standard deviation to b e discuss

in Statistics Lesson 5. Next is � x . This is the p opulation standard deviation also to

b e discussed Statistics Lesson 5. Last is n or the sample size.

Please note the do wn arro w to the left of the n . If y ou arro w do wn, the 5-n um b er

summary will b e displa y ed in the righ t screen in Figure 3.6. This is the topic of

Statistics Lesson 7, but note that the median ( Med ) is displa y ed there. F or large

lists, sorting it �rst ma y facilitate �nding the mo de (or trimming it to �nd trimmed

means). This can b e accomplished b y 2nd ST A T ( LIST ), then arro w o v er to OPS

ENTER (to select SortA( , then 2nd 1 L 1 )). The closing paren thesis is optional.

The midrange can b e obtained b y adding the 1 and 7 and dividing b y 2. If y ou

get 4.5, y ou forget to use paren theses! Using minX and maxX from the 5-n um b er

summary ab o v e ma y b e helpful.

If y our lists are missing, en ter ST A T , then 5 to run the SetUpEditor . Normally ,

lists L 1 �L 6 are a v ailable. A dditional lists ma y b e named. These names are a v ailable

under 2nd ST A T or LIST . It also migh t b e necessary to clear a list (arro w up to

the list name and en ter CLEAR . Elemen ts ma y b e inserted in to or deleted from lists

b y use of the DEL or 2nd DEL = INS k ey . The author often rescales test scores

(whic h w ere in L 5 ) b y a command lik e the follo wing: R OUND(.9*L 5 ,0)+11 STO I L 6 .

z

What do es this do?

z
The store k ey is lo cated just ab o v e the ON k ey on most TI-8x calculators. STO is not displa y ed

when the k ey is depressed.
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Name Score

3.7 Homew ork, A v erages

Problems 1�4 are w orth four p oin ts eac h, eac h subpart of problem 9 and

all other problems are w orth t w o p oin ts eac h.

Find the mean , mo de , median , and midrange for the follo wing four data sets.

Please use the statistics mo de on y our calculator only for the large data set.

1. F abricated data based on ann ual earnings of select individuals related to pro-

ducing this homew ork assignmen t: $36,000, $360,000, $3,600,000, $36,000,000,

and $360,000,000 (math teac her, noteb o ok computer assem bler, Netscap e

R

pro-

grammer, Windo ws

R

programmer, Bill Gates).

2. Data set with mixed precision: 1, 1.1, 2.7, 3.14, 1.618.

3. Data set with an ev en n um b er of elemen ts: 1, 2, 3, 4, 5, 6, 7, 8.

4. Data set with lots of data (inauguration ages of U.S. presiden ts): 57, 61, 57, 57,

58, 57, 61, 54, 68, 51, 49, 64, 50, 48, 65, 52, 56, 46, 54, 49, 51, 47, 55, 55, 54,

42, 51, 56, 55, 51, 54, 51, 60, 62

x
, 43, 55, 56, 61, 52, 69, 64, 46, 54, 47. Please

use y our graphing calculator and sa v e the data for a few da ys.

5. Assume four studen ts driv e from Mic higan to Florida (2000. km) at 100.0 kph

and return at 80.0 kph. Find the arithmetic mean of these t w o sp eeds.

6. Use the arithmetic mean sp eed from the previous problem and the total dis-

tance tra v elled to obtain a false v alue for ho w long it to ok. (Sp eed is distance

divided b y time. Hence time is distance divided b y sp eed.)

x
There is some con tro v ersy regarding Da vid Dwigh t Eisenho w er's y ear of birth. The v alue used

here is from an o�cial w eb page http://www.white ho us e.g ov /hi st or y/p re si den ts /d e34 .h tm l .
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26 ST A T'S LESSON 3. A VE.: MEAN, MODE, MEDIAN, OR MIDRANGE?

7. V elo cit y is displacemen t p er unit time. Using the data from the problems just

ab o v e, calculate the true v alue for their time in hours for eac h leg of their

journey . Con trast this with the previous problem.

8. No w, divide their total distance tra v elled b y their true total time. This is their

true a v erage sp eed and is the harmonic mean . It will b e de�ned and deriv ed

in Statistics Lesson 4.

9. Examine lesson 11.7 in y our Geometry b o ok and do problems 1, 3a, 5, and 8.

1. Find the mean temp erature if the high w as 10�
F and the lo w w as � 2�

F.

3a. Find the second test score needed to a v erage 90 if the �rst test score w as

82.

5. Find the midp oin t of the segmen t with endp oin ts (� 0:09; 12) and (0:3; � 4).

8. The cen ter of a circle is (4; 5). One diameter endp oin t is (� 2; � 3). Find

the co ordinates of the other endp oin t.

10. Giv e a form ula for the co ordinates of the midp oin t of the segmen t connecting

(x1; y1; z1) and (x2; y2; z2) .

11. Giv e a form ula for the co ordinates of the midp oin t of the segmen t connecting

(x1; y1; z1; ict1) and (x2; y2; z2; ict2) .

{

{ c is the sp eed of ligh t no w de�ned as 299 792 458 m/s, t is time, i =
p

� 1, and this is one

form ulation for space-time in Einstein's general relativit y .
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Stat's Lesson 4

What Do es He Mean?

All the w omen are strong, all the men are go o d-

lo oking, and all the c hildren are ab o v e a v erage. Garrison Keillor

In this lesson w e fo cus on the man y means a v ailable, in addition to the arithmetic

mean, wh y there are so man y means, and just what w e mean b y the w ord.

4.1 English F ather of Mo dern Science: F rancis Ba-

con

F rancis Bacon (1561�1626) dev elop ed the Baconian metho dology for scien ti�c

inquiry or the scien ti�c metho d. He w as also an English philosopher, statesman, and

is credited with in v en ting the English essa y . Bacon w as not a noted scien tist but

rather in�uenced it more b y his philosoph y and writings�writings he had to pa y to

ha v e published. His am bition w as not just to master all kno wledge but to reform it,

esp ecially the pro cess b y whic h new kno wledge w as acquired and in tegrated.

A t T rinit y College/Cam bridge he dev elop ed a dislik e for Aristotelian philosoph y

still b eing taugh t whic h ultimately led him to conclude the metho ds of science of

those times and corresp onding results w ere erroneous. Disco v ering truth b ecame one

of his three life goals, along with service to his coun try and c h urc h. When he could

not �nd w ork whic h allo w ed him to pursue truth, he sp en t t w o y ears studying la w.

He serv ed in man y di�eren t capacities within go v ernmen t but w as c hronically in debt.

Bacon is also often cited as a p ossible author of Shak esp eare's w orks. The lac k of

information ab out Shak esp eare himself, the v ast v o cabulary (29,000 w ords or 5 times

what is used in the Bible ), and breadth of topics co v ered p oin t to w ard a committee,

nobilit y , or w ell-educated man. Doubts surfaced during Bacon's and Shak esp eare's

lifetime and con tin ue to this da y . Man y forms of statistical analysis ha v e b een used

to address this question.

27



28 ST A T'S LESSON 4. WHA T DOES HE MEAN?

4.2 Arithmetic Mean

In Statistics Lesson 3, w e de�ned arithmetic mean as the one commonly used b y

statisticians and as the one usually in tended when w e just sa y mean. Ho w ev er, there

are a wide v ariet y of other means with a v ariet y of applications whic h w e will review

here.

4.3 Geometric Mean

The geometric mean is used in business to �nd a v erage rates of gro wth.

The geometric mean is the nth
ro ot of the [pi] pro duct of the data elemen ts.

Geometric mean =

n
p

� x i for all n � 2.

Example: Supp ose y ou ha v e an IRA (Individual Retiremen t A ccoun t) whic h

earned ann ual in terest rates of 5%, 10%, and 25%.

Solution: The prop er a v erage w ould b e the geometric mean or (

3
p

1:05� 1:10� 1:25)

or ab out 1.13 meaning 13%.

Note that the data elemen ts m ust b e p ositiv e. Negativ e gro wth is represen ted b y

p ositiv e v alues less than 1. Th us, if one of the accoun ts lost 5%, the prop er m ultiplier

w ould b e 0.95.

The geometric mean is t ypically �rst encoun tered in a prop ortion when the means

are equal, as in

8
w

=
w
4

. Here w2 = 32 and square ro oting b oth sides giv es an answ er.

Ho w ev er, in general, there ma y b e n nth
geometric means. W e th us cannot b e sure of

the sign of w ab o v e.

4.3.1 Geometric and Arithmetic Sequences

The di�erence b et w een arithmetic and geometric means is similar to the di�er-

ence b et w een arithmetic and geometric sequences. In an arithmetic sequence

(2; 4; 6; 8; � � �) y ou add the same amoun t eac h time (2). In a geometric sequence

(2; 4; 8; 16; � � �) y ou m ultiply b y the same factor eac h time (2). If y ou are giv en the 1st

and 4th
term of an arithmetic sequence (1,?,?,10), y ou can solv e for the missing terms

b y �nding the di�erence of the kno wn terms and dividing the in terv al b y the n um b er

of gaps b et w een missing terms: (10 � 1)=3 = 3 to �nd the common di�erence (3)

and hence the full sequence: (1; 4; 7; 10). If y ou are giv en the 1st
and 5th

terms of

a geometric sequence (2; ?; ?; ?; 32), y ou can solv e for the missing terms b y �nding

the ratio of the kno wn terms and nth
ro oting for the common ratio. Here again,

n is determined b y the n um b er of gaps b et w een missing terms and kno wn terms.

Ho w ev er, since there can b e four di�eren t 4th
ro ots, there ma y b e up to four di�eren t

sequences: (2; 4; 8; 16; 32) or (2; � 4; 8; � 16; 32) and, if complex n um b ers are allo w ed,
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4.4. HARMONIC MEAN 29

(2; 4i; � 8; � 16i; 32) or (2; � 4i; � 8; 16i; 32), dep ending on whic h common ratio or nth

ro ot w as c hosen from among � 2 and � 2i .

�
Hop efully , this motiv ates the nth

ro ots

used ab o v e. Also, since fractional exp onen ts are usually new, a section on them is

included as Section 4.10 of this lesson.

4.4 Harmonic Mean

The harmonic mean is found b y dividing the n um b er of data elemen ts b y the sum

of the recipro cals of eac h data elemen t.

Harmonic mean =

n
P

x � 1
i

The harmonic mean is used to calculate a v erage rates suc h as distance p er time, or

sp eed. (In ph ysics y ou will learn that sp eed is a scalar , whereas v elo cit y is a v ector ,

ha ving b oth magnitude and direction. Great care should b e exercised to select the

prop er term.) Problems requiring the harmonic mean are common on con tests.

Example: Supp ose y our grandfather w alk ed three miles to sc ho ol. Due to the

terrain, for the �rst mile he a v eraged 2 mph; for the second mile 3 mph; for the �nal

mile the a v erage sp eed w as 4 mph. What w as the a v erage sp eed for the three miles?

Solution: The arithmetic mean of (2+3+4)/3 = 3.0 mph is incorrect. This w ould

imply it to ok 1 hour = 60 min utes to w alk to sc ho ol. Breaking it do wn in to the

separate comp onen ts, it tak es 30 min utes ( 1st
) + 20 min utes ( 2nd

) + 15 min utes ( 3rd
)

to w alk (eac h mile) or 65 min utes total. His actual sp eed w as th us 3 miles/1.083 hour

or 2.77 mph.

Another w a y to sho w our w ork w ould b e:

3 miles
1=2 + 1=3 + 1=4

=
3

13=12
=

36
13

= 2:77 mph.

4.5 Quadratic Mean

The quadratic mean is another name for Ro ot Mean Square or RMS.

Ro ot Mean Square (RMS) =

r P
x2

i

n

The quadratic mean is t ypically used for data whose arithmetic mean is zero.

Example: Let's explore US household alternating curren t (A C). Alternating cur-

ren t t ypically is a sine w a v e lik e giv en in Figure 4.1. Note the a v erage v alue of zero.

Ho w ev er, instead of ranging from � 1 to 1, it t ypically ranges b et w een � 162V. The

�
These can b e found b y taking:

4
p

32=2.
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1

1/2

-1/2

-1

60 120 180

240 300

360

Figure 4.1: Sine Curv e�lik e US Household Curren t/V oltage.

quadratic mean giv es a ph ysical measure of the a v erage distance from zero. Supp ose

measuremen ts of 120, � 150, and 75 v olts w ere obtained.

Solution: The corresp onding quadratic mean is

p
(1202 + ( � 150)2 + 752)=3 or

119 v olts RMS.

4.6 T rimmed Mean

T rimmed mean usually refers to the arithmetic mean without the top 10% and

b ottom 10% of the ordered scores.

T ec hnically , this is the 10% trimmed mean. Y ou could also �nd the 20%

trimmed mean b y only forming the mean of the middle 60% of the data. Clearly this

remo v es extreme scores on b oth the high and lo w end of the data. Sorting the data is

also clearly indicated! Section 3.6 has information ab out sort lists and deleting items

from a list.

4.7 W eigh ted Mean

W eigh ted mean is the a v erage of di�eren tly w eigh ted scores. It is the sum of the

w eigh ted scores o v er the sum of the w eigh ts. It tak es in to accoun t some measure of

w eigh t attac hed to di�eren t scores.

Example: Semester grades are often computed as 40% (

2
5 ) of the 1st

9-w eek grade,

40% (

2
5 ) of the 2nd

9-w eeks grade, and 20% (

1
5 ) for the semester exam. F or sp eci�cs,

assume Martha earned 84% for the �rst 9-w eeks, 89% for the second 9-w eeks, but

only 60% on the semester exam.

Solution: In suc h a case, the semester grade could b e computed as:

2 � 84% + 2 � 89% + 60%
5

= 81:2%
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4.8. COMBINA TION MEAN 31

Grade P oin t A v erages is another t ypical example of a w eigh ted mean, b ecause

college classes usually (and high sc ho ol classes sometimes) come in a v ariet y of credit

hours. The form ula for the w eigh ted mean is giv en b elo w.

W eigh ted mean =

P
wi � x iP

wi

4.8 Com bination Mean

Consider if y ou had $10,000 earning 6%, $20,000 earning 12%, and $25,000 earning

18% ann ual in terest. Clearly some com bination of w eigh ted geometric mean w ould

b e needed to compute a prop er a v erage v alue!

y
A similar example w ould in v olv e

sp eeds (2 mph, 3 mph, 4 mph) when applied to di�eren t distances, suc h as 4, 3, and

2 miles. The correct mean v alue w ould in v olv e some w eigh ted harmonic mean.

z
Suc h

problems go b ey ond what studen ts are exp ected to master here, but ma y app ear on

con tests or standardized tests.

4.9 Means from a F requency T able

F requency mean is the same as obtaining the arithmetic mean from a frequency

table. F or memory purp oses, it is lik e the w eigh ted mean form ula.

An activit y (Section 5.7 ) for �nding the mean from a frequency table is included

with Statistics Lesson 5 .

4.10 A ctivit y: Exp onen ts for Geometric Mean

In order to do some problems in to da y's assignmen t, an expanded de�nition of

exp onen ts needs to b e dev elop ed. Recall from Num b ers Lesson 5 the de�nition and

rules for exp onen tiation as follo ws.

x1 = x x2 = x � x x3 = x � x � x x4 = x � x � x � x x5 = x � x � x � x � x
and x � 1 = 1=x x� 2 = 1=x2 x � 3 = 1=x3 x � 4 = 1=x4

W e can extend this to de�ne what x raised to a fractional exp onen t means b y

using the fact that when p o w ers with common bases are m ultiplied, the exp onen ts

are added. Square ro ots w ere in tro duced in Num b ers Lesson 11.

x1=2x1=2 = x(1=2+1 =2) = x1 = x
y

It is often easiest to compute the total earnings and divide b y the original principle:

10000� 0:06+20000 � 0:12+25000 � 0:18
10000+20000+25000 = 0 :1364 or 13.6%.

z 4+3+2
2+1+ 1

2
miles/hours or

9
3:5 = 2 :57 mph.
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32 ST A T'S LESSON 4. WHA T DOES HE MEAN?

x1=3x1=3x1=3 = x(1=3+1 =3+1 =3) = x1 = x
x1=4x1=4x1=4x1=4 = x(1=4+1 =4+1 =4+1 =4) = x1 = x

In other w ords: x1=2 =
p

x x1=3 = 3
p

x x1=4 = 4
p

x and

41=2 = 2 81=3 = 2 7291=6 = (7291=3)1=2 = 9 1=2 = 3 .

W e can de�ne a real n um b er x raised to rational ro ots suc h as a=b ( xa=b
) to b e

the bth
ro ot of x raised to the ath

p o w er

b
p

xa
. The extension of an y real n um b er to

an y real p o w er go es ev en b ey ond Num b ers Lesson 16 (w e need the limit pro cess from

calculus).

Suc h ro ots can b e calculated on the calculator three w a ys as follo ws.

� 729^ 6� 1
where the x � 1

is used. This seems to b e an exception to the general

inabilit y of the calculator to pro cess exp onen ts correctly . That can b e explained

b y the fact that the x � 1
is �b ound rather tigh tly� to the 6. T o b e on the safe

side ho w ev er, paren theses should b e used: 729^ (6� 1) , as this could c hange!

� 729^ (1=6)

� 6 MA TH 5 brings up the sym b ol:

x
p

whic h y ou can follo w with 729. This

( 6 x
p 729) then giv es the 6th

ro ot of 729.

c
 MMX b y Ke i�
G. Calkins Octob er 31, 2010 In tro duction to Statistics�p df

5



4.11. HOMEW ORK, MEANS 33

Name Score

4.11 Homew ork, Means

Unless otherwise noted, eac h problem is w orth t w o p oin ts.

1. ( Six p oin ts ) The p opulation of 37 in the senior class of 2014, 8th
grade, Algebra

Diagnostic T est scores w ere strati�ed in to groups of 6 tak en from the data set

in descending order. Using a die, one from eac h strata w as randomly selected

to obtain the follo wing results presen ted in random order:

52; 127; 71; 103; 64; 87

Find the sample size, sum of the data, mean, mo de, median, and midrange.

2. Discuss the sampling tec hnique used in the problem ab o v e.

3. Compare the a v erage results obtained in the problems ab o v e with those pro vided

for the full p opulation (or did y ou lose y our summary sheet(s)?).

4. ( F our p oin ts ) The digits of e ha v e b een sho wn to b e v ery random. T reating

eac h of the �rst t w en t y decimal ( i.e. omit the �2.�) digits as a separate data

elemen t, calculate the mean, mo de, median, and midrange for this sample. (See

Num b ers Lesson 15 for e.)

5. What w ould y ou exp ect eac h of these a v erage v alues to b e, if sa y a million or

billion digits of e w ere used?

6. Sho w ho w to calculate the a v erage gro wth rate for a p ortfolio with the follo wing

consecutiv e ann ual in terest rates: 5%; 10%; � 5%; 20%; 15%.
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34 ST A T'S LESSON 4. WHA T DOES HE MEAN?

7. F our studen ts driv e from Mic higan to Florida (2000 km) at 100.0 kph and return

at 80.0 kph. Sho w ho w to �nd the a v erage round trip sp eed, using the harmonic

mean.

8. F or the problem just ab o v e, what is their a v erage round trip v elo cit y ?

9. T om F o olery measures the v oltage in a standard outlet as 120 v olts, � 160v olts,

95 v olts, and 10 v olts at random in terv als. Sho w ho w me can calculate the RMS

v oltage.

10. Calculate the GP A (w eigh ted mean) for the follo wing data: Biology , 5 credits,

A � (use 3.667); Chemistry , 4 credits, B+ (use 3.333); College Algebra, 3 credits,

A (use 4.000); and Health, 2 credits, C (use 2.000); Debate, 2 credits, B (use

3.000). Sho w y our w ork and express y our results to three decimal places.

11. Using the inauguration ages from the previous homew ork, calculate the 10%

trimmed mean and 20% trimmed mean.

12. A researc her �nds the a v erage teac her's salary for eac h state from the w eb. He

then sums them together, divides b y 50 to obtain their arithmetic mean. Wh y

is this wrong and what should he ha v e done?

13. Examine lesson 13.3 in y our Geometry textb o ok and do the follo wing problem:

13.3#1. Find the geometric mean of 2 and 50 to the nearest h undredth.

14. Examine lesson 13.3 in y our Geometry textb o ok and do the follo wing problem:

13.3#2. Find the geometric mean of 9 and 12 to the nearest h undredth.
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Stat's Lesson 5

Measures of Disp ersion

The a v erage [adult] h uman has one breast and one testicle, but those

standard deviations of one e�ectiv ely split the p opulation!

�

Smoking is one of the leading causes of statistics. Fletc her Kneb el

Another imp ortan t c haracteristic of a data set is ho w it is distributed, or ho w far

eac h elemen t is from some measure of cen tral tendency (a v erage). There are sev eral

w a ys to measure the v ariabilit y of the data. Although the most common and most

imp ortan t is the standard deviation, whic h pro vides an a v erage distance for

eac h elemen t from the mean, sev eral others are also imp ortan t, and are hence

discussed here. Studen ts should already ha v e some familiarit y with the w ords disp erse

and disp ersion since they are used to describ e ho w, for example, acorns spread out,

not only under the in�uence of gra vit y , but also b y squirrels, deer, etc.

5.1 The F ather of Mathematical Mo delling: Siméon-

Denis P oisson

P oisson (1781�1840) w as a F renc h mathematician and ph ysicist. He en tered the

École P olytec hnique in P aris in 1798 and within t w o y ears had written imp ortan t

pap ers whic h led to his in v olv emen t with the leading mathematicians of his time.

During his career he made imp ortan t adv ances in mathematical ph ysics in the �elds

of electricit y , celestrial mec hanics, and w a v es. An imp ortan t probabilit y distribu-

tion is named after him. P oisson frequen tly said: � Life is go o d for only t w o things,

disco v ering mathematics and teac hing mathematics. �

The P oisson distribution applies to indep enden t discrete ev en ts o ccurring in a

�xed p erio d with a kno wn a v erage rate. Although P oisson dev elop ed it while analyz-

�
The �rst part of the quote should b e attributed to Des McHale. The last part and w ord adult

should b e attributed to Calkins.
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36 ST A T'S LESSON 5. MEASURES OF DISPERSION

ing the n um b er of Prussian soldiers who died eac h y ear from horse-kic ks, it has broad

applications to suc h situations as customer arriv al times at a bank, t yp ographical

errors on a page, and w eb serv er accesses. In v arious limiting cases the binomial dis-

tribution can b e appro ximated b y the P oisson and the P oisson b y the Gaussian. The

Gaussian is in tro duced in the next lesson and other distributions studied sophomore

y ear.

5.2 Range

Range is the di�erence b et w een the highest and lo w est data elemen t.

Sym b olically , range is computed as xmax � xmin .

y
Although this is v ery similar to

the form ula for midrange, please do not mak e the common mistak e of rev ersing the

t w o. This is not a reliable measure of disp ersion, since it only uses t w o v alues from

the data set. Th us, extreme v alues can distort the range to b e v ery large while most

of the elemen ts ma y actually b e v ery close together. F or example, the range for the

data set 1, 1, 2, 4, 7 in tro duced earlier w ould b e 7 � 1 = 6 .

Recen tly it has come to m y atten tion that a few b o oks de�ne statistical range the

same as its more mathematical usage. I'v e seen this b oth in grade sc ho ol and college

textb o oks. Th us instead of b eing a single n um b er it is the in terv al o v er whic h the

data o ccurs. Suc h b o oks w ould state the range as [xmin ; xmax ] or xmin to xmax . Th us

for the example ab o v e, the range w ould b e from 1 to 7 or [1,7]. Be sure y ou do not

sa y 1�7 since this could b e in terpretted as � 6.

5.3 Standard Deviation

The standard deviation is another w a y to calculate disp ersion. This is the

most common and useful measure b ecause it is the a v erage distance of eac h score

from the mean. The form ula for sample standard deviation is as follo ws.

Sample Standard Deviation: s =

r P
(x i � �x)2

n � 1

Notice the di�erence b et w een the sample and p opulation standard deviations. The

sample standard deviation uses n � 1 in the denominator, hence is sligh tly larger than

the p opulation standard deviation whic h use N (whic h is often written as n ).

P opulation Standard Deviation: � =

r P
(x i � � )2

N

It is m uc h easier to remem b er and apply these form ulae, if y ou understand what

y
Some b o oks add one to this result whic h basically assumes the data are discrete or ev en in teger.
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5.4. V ARIANCE 37

all the parts are for. W e ha v e already discussed the use of Roman vs. Greek letters

for sample statistics vs. p opulation parameters. This is wh y s is used for the sample

standard deviation and � ( sigma ) is used for the p opulation standard deviation.

Ho w ev er, another sigma, the capital one ( � ) app ears inside the form ula. It serv es to

indicate that w e are adding things up. What is added up are the deviations from

the mean: x i � �x . But the a v erage deviation from the mean is actually zero�b y

de�nition of the mean! Occasionally the mean deviation , using a v erage distance or

using the sym b ols for absolute v alue: jx i � �xj is used. Ho w ev er, a b etter measure of

v ariation comes from squaring eac h deviation, summing those squares, then taking

the square ro ot after dividing b y one less than the n um b er of data elemen ts. If

y ou compare this with the form ula for quadratic mean (Section 4.5) y ou will realize

w e are doing the same thing, except for what w e are dividing b y . That n � 1 can

b e understo o d in terms of degrees of freedom �a term w orth in tro ducing here

but the topic go es b ey ond this in tro duction and will b e co v ered in Probabilit y and

Distributions Lesson 14.

Another form ula for standard deviation is also commonly encoun tered. It is as

follo ws.

Shortcut F orm ula for Standard Deviation: s =

s
n(

P
x2

i ) � (
P

x i )2

n(n � 1)

This form ula can b e algebraically deriv ed

z
from the former and has t w o primary

applications. First, calculators and computer programs often emplo y it b ecause less

in termediate results are necessary and it can b e calculated in one pass through the

data set. That is, y ou don't ha v e to calculate the mean �rst and then �nd the devi-

ations. Second, it is closely related to a form ula whic h ma y b e used to calculate the

standard deviation for a frequency table. F or this course, w e will rely on our graphing

calculators and the appropriate activit y is discussed in to da y's activit y (Section 5.7 ).

5.4 V ariance

V ariance is closely asso ciated with disp ersion, but tec hnically do es measure dis-

p ersion. Compare the t w o v ariance form ulae with their corresp onding standard de-

viation form ulae, and w e see that v ariance is just the square of the standard devia-

tion. Statisticians tend to consider v ariance a primary measure and use it extensiv ely

(ANO V A, etc. ), whereas scien tists are v ery happ y to use standard deviation exclu-

siv ely . F or o�cial information on uncertain t y , please refer to the follo wing National

Institute of Standards and T ec hnology w eb page. Uncertain t y is another w a y to dis-

cuss v ariance and the Heisen b erg's Uncertain t y Principle (w e cannot sim ultaneously

z
P erhaps algebra do esn't teac h manipulation of summation sym b ols, but it can b e understo o d

at that lev el.
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38 ST A T'S LESSON 5. MEASURES OF DISPERSION

kno w b oth a particle's momen tum and p osition more accurately than some small

m ultiple of Planc k's constan t: 6:626� 10� 34
J � s) is at the v ery ro ot of quan tum me-

c hanics.

s2 =
P

(x i � �x)2

n � 1
� 2 =

P
(x i � � )2

N

Occasionally , the abbreviations SD or Std. for standard deviation and V ar for

v ariance will b e seen.

5.5 Range Rule of Th um b

It can tak e some time to start to understand ho w these measures of v ariation ma y

b e useful. One of the reasons w e pro vide mean and standard deviation information

regarding tests in this course is to help dev elop this understanding. Often y our test

scores will b e adjusted via t w o di�eren t metho ds. Consider the follo wing scenerios.

First, if a straigh t �v e p oin ts are added to ev ery one's score, the mean w ould increase

�v e p oin ts, sa y from 70.8 to 75.8 but ha v e no a�ect on the standard deviation.

It remains, sa y , at 10.9. Second, if eac h test score w as m ultiplied b y .89 and then 21

p oin ts w ere added, not only do es this mo v e the mean from, sa y , 55.4 to 70.3, but it

also reduced the standard deviation from, sa y , 15.0 to 13.5. This can b e useful if the

original test scores w ere v ery v ariable, and could easily ha v e resulted in more D's and

F's than y our e�orts justi�ed. Y ou migh t consider a third common w a y to adjust test

scores, that of dropping the p ossible. T ec hnically this do esn't c hange either the mean

or the standard deviation, but it do es e�ectiv ely raise ev ery one's p ercen tage. This

do esn't help the lo w er scoring studen ts nearly as m uc h as it helps the top studen ts.

A commonly giv en rule of th um b

x
is that the range of a data set is appro xi-

mately 4 standard deviations (4 s ). Th us the maxim um data elemen t will b e ab out 2

standard deviations ab o v e the mean and the minim um data elemen t ab out 2 standard

deviations b elo w the mean. W e will explore this further in the next lesson (Statistics

Lesson 6).

5.6 More Round-o� Information

The standard deviation of a data set is often used in science as a measure of the

precision to whic h a exp erimen t has b een done. It can also indicate the repro ducibilit y

of the result. Propagation of error will not b e fully discussed here, except to note

that in termediate v alues in y our calculations should not b e rounded. A t

least t wice as man y digits as will b e used in the �nal answ er should b e retained,

esp ecially when square ro ots, exp onen tials, or logarithms are in v olv ed.

x
See Section 3.4 for a disclaimer regarding the origins of this phrase.
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5.7. A CTIVITY: FREQUENCY MEANS/ST AND ARD DEVIA TION 39

It is rather meaningless to calculate the standard deviation for a data set of t w o

elemen ts.

Three is considered the smallest sample size where standard deviation is meaningful.

It is not uncommon for an exp erimen t to in v olv e millions of ev en ts and asso ciated

data. If y ou examine the standard deviation form ula ab o v e, y ou will note that it

dep ends in v ersely on the square ro ot of n ( 1=
p

n ). Th us with a million measuremen ts

w e could exp ect to reduce the standard deviation of our answ er b y p erhaps a thousand

fold. It is the goal of man y exp erimen ts to obtain v ery precise v alues, so great care is

exercised to reduce systematic errors and also reduce the a�ect of random errors b y

increasing the rep etitions.

Example: Consider a simple example of coun ting p ennies where the outcomes

99, 100 and 101 are obtained. Find the mean and standard deviation.

Solution: W e can easily calculate the mean as 100 and the standard deviation as

1.0.

Example: Consider further if this exercise w ere rep eated 1000 times and 100

w as obtained 991 times, 99 5 times and 101 4 times. Again, calculate the mean and

standard deviation.

Solution: The mean is no w 99.999 and the standard deviation is no w 0.095. Here

the additional precision is justi�ed and the mean and standard deviation are giv en to

the same 3 decimal place precision. It w ould b e a mistak e to rep ort these results to

only one more digit than the original data set, as in 100.0 and 0.1.

DO NOT USE a rounded s to obtain s2
.

V ariance is the primary statistic, s is a deriv ed quan tit y .

Standard deviation should b e rep orted to at least t w o and p erhaps three signi�can t

digits. Ideally , the mean and standard deviation w ould ha v e a consisten t n um b er of

decimal places. They th us ma y ha v e a v ery di�eren t n um b er of signi�can t digits as

illustrated in the p enn y coun ting example ab o v e.

5.7 A ctivit y: F requency Means/Standard Deviation

Figure 5.1: TI-84 Graphing Calculator Displa y of F requency Data.
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40 ST A T'S LESSON 5. MEASURES OF DISPERSION

Please use y our TI-84+ t yp e calculator for the follo wing activities.

Press the ST A T k ey and ENTER to select EDIT .

In L1 , en ter in these test scores: 55, 60, 70, 75, 80, 90, and 95.

In L2 , en ter in these test frequencies: 5, 15, 20, 25, 20, 12, and 3.

These last v alues are ho w man y tests there w ere for eac h of these scores.

Figure 5.2: TI-84 Graphing Calculator Displa y of 1 V ariable Statistics.

Press the 2nd MODE ( QUIT ) or just go directly to ST A T arro w o v er to CALC

and ENTER to select 1-V ar Stats . No w en ter 2nd 1 ( L1 ), a comma ( , ), and 2nd

2 ( L2 ) follo w ed b y ENTER . Y our screen should no w app ear as ab o v e.

When doing a frequency mean, the order of the lists is imp ortan t. Y ou need to

place the score list �rst and then the frequency list. Th us y ou had 1-V ar Stats

L1; L2 on y our screen and not 1-V ar Stats L2; L1 . If y ou did it the wrong w a y , y ou

can easily tell if there is an error b y lo oking at the n v alue. The wrong w a y ga v e

n = 525 instead of the correct v alue of n = 100.

Under the 1-V ar Stats , the arithmetic mean, �x is listed. Be sure to alw a ys

round this to the prop er signi�cance. Belo w that is also included the sample

standard deviation, denoted b y a sx . Notice that b oth the sample and p opulation

standard deviation ( � x ) are giv en. Earlier in this lesson the di�erence b et w een the

t w o w as discussed. W atc h out carefully for whic h one applies to a giv en data set.

(Remem b er, standard deviation is a measure of the �a v erage� distance eac h score is

a w a y from the mean.)

One last note is use of the V ARS k ey follo w ed with 5 (Statisitics), to get sx to

more easily square the standard deviation to obtain the v ariance. This will facilitate

the a v oidance of rounding and increase the qualit y of the v ariance n um b er obtained.
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5.8. HOMEW ORK, DISPERSION 41

Name Score

5.8 Homew ork, Disp ersion

Problems 1�4 are w orth 6 p oin ts eac h, the rest t w o p oin ts eac h.

Find the range , sample standard deviation , and sample v ariance for the

follo wing four data sets. Please use the statistics mo de on y our calculator for these

four data sets.

1. F abricated data based on ann ual earnings of select individuals related to pro duc-

ing this homew ork assignmen t: $36,000, $360,000, $3,600,000, $36,000,000, and

$360,000,000 (teac her, noteb o ok assem bler, Netscap e

R

programmer, Windo ws

R


programmer, Bill Gates).

2. Data set with mixed precision: 1, 1.1, 2.7, 3.14, 1.618.

3. Data set with an ev en n um b er of elemen ts: 1, 2, 3, 4, 5, 6, 7, 8.

4. Data set with lots of data (inauguration ages of U.S. presiden ts): 57, 61, 57, 57,

58, 57, 61, 54, 68, 51, 49, 64, 50, 48, 65, 52, 56, 46, 54, 49, 51, 47, 55, 55, 54,

42, 51, 56, 55, 51, 54, 51, 60, 62, 43, 55, 56, 61, 52, 69, 64, 46, 54, 47.

5. Sort the presiden tial inauguration age data on y our calculator. Coun t ho w man y

data elemen ts are within one standard deviation of the mean ( i.e. b et w een

{

54:66� 6:26 = 48:40 and 54:66 + 6:26 = 60:92). Con v ert this to a p ercen tage.

6. Rep eat the previous question with t w o standard deviations instead of one.

{
Since this do es not indicate strictly b et w een and these are v alues rounded to three decimal

places, w e should probably include the endp oin ts, although this is w orth y of debate.
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42 ST A T'S LESSON 5. MEASURES OF DISPERSION

Consider again the sample data 1, 1, 2, 4, 7.

7. Explicitly calculate the standard deviation using the �rst form ula giv en in the

lecture.

8. Explicitly calculate the standard deviation using the shortcut form ula giv en in

the lecture.

9. One of the rounding rules listed w as that if y ou are going to tak e a square ro ot

y ou can only retain half as man y signi�can t �gures as w as in the radicand. This

has signi�cance related to standard deviations. Find the square ro ot of 5 and

round the result to three signi�can t �gures. No w square this rounded ro ot and

also the rounded ro ot � 0:01. Compare the three answ ers in terms of ho w a 4.5

parts p er thousand (ppk) c hange (0.01/2.236) had an x ppk a�ect on the result.

Find x .

10. Bon us: Deriv e the shortcut form ula for the standard deviation from the �rst

form ula giv en.
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Stat's Lesson 6

The Bell-shap ed, Normal, Gaussian

Distribution

The death of one man is a tragedy .

The death of millions is a statistic. Jo e Stalin

I think there is a w orld mark et for ab out 5 computers. T om W atson

This lesson in tro duces the gold-standard of distributions, the Gaussian Distri-

bution. W e giv e its other names, its de�ning form ula, ho w it is normalized, non-

standardized, and ho w m uc h area is under v arious parts, i.e. the empirical rule. W e

strengthen the empirical rule with Cheb yshev's Theorem. W e conclude with sections

on the meaning of normal and a short summary of the v arious t yp es of distributions

to b e studied in the future.

6.1 The F ather of Russian Mathematics: Cheb yshev

P afn ut y Cheb yshev (1821�1894) w as the founding father of Russian mathematics

who w ork ed aggressiv ely with prime n um b ers and other n um b er theory . His writings

co v ered a wide range of mathematics, including probabilit y . W e presen t b elo w a

probabilit y theorem named after him whic h is applicable to an y data set, not just

normally distributed ones.

The sp elling of Cheb yshev's name, b eing transliterated from Russian, is highly

v ariable, with Chevyc ho v and T sc heb ysc he� b eing among the man y p ossibilities. An

unkno wn handicap caused Cheb yshev to limp and w alk with a stic k. He th us pla y ed

few c hildren's games, dev oting himself instead to building mac hines. His scien ti�c

ac hiev emen ts w ere also recognized.
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Figure 6.1: The Standard Normal Distribution (left) and Normally Distributed IQs

(righ t).

6.2 The Bell-shap ed, Normal, Gaussian Distribution

It can b e sho wn under v ery general assumptions that the distribution of indep en-

den t random errors of observ ation tak es on a normal distribution as the n um b er of

observ ations b ecomes large. Although others w ere in v olv ed, Gauss w as one of the

�rst to c haracterize this distribution and hence it is often named after him. It is

also shap ed lik e a b ell, hence y et another name. The term used in the title ab o v e

is rather redundan t, but serv es to emphasize that the three are iden tical. The name

error curv e, is also p ossible. Y ou can graph this curv e on y our calculator as seen

in Figure 6.2 b y en tering the follo wing function: y = e� x2=2=
p

2� where e is the

transcenden tal n um b er 2:71828� � � and � is the more familiar, but also transcenden-

tal n um b er 3:14159� � � The � in the form ula only serv es to normalize the total area

under the curv e. When w e normalize something, w e mak e it equal to some norm or

standard, usually one (1). The w ord normal has sev eral other meanings, including

p erp endicular and the usual/status quo whic h w e discuss in Section 6.5.

The heigh t of the curv e represen ts the probabilit y of the measuremen t at that giv en

distance a w a y from the mean. The total area under the curv e b eing one represen ts the

fact that w e are 100% certain (probabilit y = 1.00) the measuremen t is somewhere.

T ec hnically , this is the standard normal curv e whic h has � = 0:0 and � = 1:0:
Other applications of the normal curv e do not ha v e this restriction. F or example,

in telligence has often b een cast, alb eit con tro v ersially , as normally distributed

with � = 100:0 and � = 15:0: This is represen ted b elo w. Our function has b een

mo di�ed to y = 1
�

p
2�

e� (x � � )2 =(2� 2 )
.

Other things whic h ma y tak e on a normal or quasi-normal distribution include

b o dy temp erature, sho e sizes, diameters of trees, etc. It is also imp ortan t to note the

symmetry of the normal curv e. Some curv es ma y b e sligh tly distorted or truncated

b ey ond certain limits, but still primarily conform to a �heap� or �mound� shap e (see

b elo w). This is often an imp ortan t consideration when analyzing data or samples

tak en from some unkno wn p opulation.
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Figure 6.2: Data Within 1 � (left) and 2 � (righ t).

6.3 The Empirical Rule

F or a normally distributed data set, the empirical rule states that 68% of the

data elemen ts are within one standard deviation of the mean, 95% are within t w o

standard deviations, and 99.7% are within three standard deviations. Graphically ,

this corresp onds to the area under the curv e as sho wn in Figure 6.3 for 1 and 2

standard deviations. The empirical rule is often stated simply as 68-95-99.7 . Note

ho w this ties in with the range rule of th um b, b y stating that 95% of the data usually

falls within t w o standard deviations of the mean.

The author usually claims an IQ of at least 145. W e can see from the ab o v e

information that this w ould put him at least three standard deviations ab o v e the

p opulation mean ( 100 + 3 � 15 = 145). Hence, if w e accept the h yp othesis that IQs

are normally distributed, at least 99.85% of the p opulation w ould ha v e a lo w er IQ and

less than 0.15% a higher one. Please esp ecially note that if 99.7% of the p opulation

is within three standard deviations of the mean, the remaining 0.3% is distributed

with half b ey ond three standard deviations b elo w the mean and the other half b ey ond

three standard deviations ab o v e the mean. This is a result of the symmetry (due to

the fact that x is squared, it matters not if it is p ositiv e or negativ e) of the curv e. In

practical terms, in a p opulation of 300,000,000; 299,550,000 w ould ha v e an IQ lo w er

than 145 and 450,000 w ould ha v e an IQ higher. Because of the small area of these

regions, they are often referred to as tails . Dep ending on the circumstances, w e ma y

b e in terested in one tail or t w o tails .

Sev eral so cieties exist whic h cater to individuals with high IQs. Some sp eci�c

examples w ould b e MENSA , T riple Nine, Mega , etc.

Another imp ortan t c harateristic of this distribution is that it is of in�nite exten t .

In practical terms, IQs b elo w 0 ( � 6:67� ) or ab o v e 210 ( 7:33� ) (ceiling scores suc h as

Marilyn V os Sa v an t's are di�cult to in terpret) do not o ccur. A recen tly p opularized

man ufacturing goal has b een termed Six Sigma. In terpretted as � 6� , one w ould think

this w ould corresp onds with ab out 2 defects p er billion, but their w eb site implies it

is 200 p er million. A t ypically go o d compan y op erates at less than plus or min us four

sigma or 99.994% p erfect. This corresp onds closer to 63 defects p er million. If y our
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family has ev er purc hased a �lemon�

�
y ou can appreciate suc h striving for p erfection.

(Another source implies six sigma refers to � 3� .)

Other similar examples w ould b e the large increase in errors related to prescription

drugs b eing disp ensed or the case of the Florida patien t who had the wrong leg

amputated.

6.4 Cheb yshev's Theorem

Cheb ysshev's theorem states that the p ortion of an y set of data within K standard

deviations of the mean is alw a ys at least 1� 1
K 2 , where K ma y b e an y n um b er greater

than 1.

F or K = 2 , w e see that 1 � 1
22 = 1 � 1

4 = 3
4 , whic h is 75% of the data m ust alw a ys

b e within t w o standard deviations of the mean.

F or K = 3 , w e see that 1 � 1
32 = 1 � 1

9 = 8
9 , whic h is ab out 89% of the data m ust

alw a ys b e within three standard deviations of the mean.

If w e consider the data set 50, 50, 50, and 100, w e will disco v er that the sample

standard deviation ( s) is 25, and the upp er score falls exactly at 2s ab o v e the rest.

Ho w ev er, since the mean is 62.5, it is w ell within 2s. A dded 5 more scores of 50 w e

�nd the mean is no w 55.6 and the standard deviation no w 16.7. W e see that t w o

standard deviations ab o v e the mean no w extends to 88.9 and w e ha v e one data p oin t

outside that, but within three standard deviations.

The general concept of b eing able to �nd the mean of a data set and determine

ho w m uc h of it is within a certain distance (n um b er of standard deviations) of the

mean is an imp ortan t one whic h w e will con tin ue in the next lesson.

Note: here is an example of a data set with k = 2 and only 75% of the data

within the proscrib ed limits.

y
Let the discrete random v ariable x ha v e probabilities

1/8, 6/8, 1/8 at the p oin ts x = � 1; 0; 1 resp ectiv ely . � = 0 and � 2 = 1=4. If k = 2 ,

then 1=k2 = 1=4 and w e th us attain the b ound giv en b y Cheb yshev's inequalit y .

6.5 Meanings of Normal

The w ord normal is used extensiv ely in math and science and generally has a

v ery con text sp eci�c meaning whic h di�ers from what is �normally� encoun tered. W e

list here sev eral.

�
A collo quialism for bad car, p erhaps one built on a Monda y .

y
It comes to us from Hogg and Craig (1978, p. 70) in In tro duction to Mathematical Statistics .

(5th ed.) via the AP ST A T list serv er on Ma y 31, 2000.
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6.6. OTHER DISTRIBUTIONS 47

1. Normal in mathematics and ph ysics often means p erp endicular to. A normal

v ector is p erp endicular to a giv en line or plane. This is fact is the original

meaning from the Latin w ord norma whic h mean t carp en ter's square.

2. Normal can refer to the fact that the area has b een made equal to one (to nor-

malize) so that area and probabilit y are equiv alen t. This w as lik ely the second

meaning to dev elop for something built with a reference suc h as a carp en ter's

square.

3. Normal in statistics generally refers to the gaussian distribution or the �normal�

w a y w e w ould exp ect errors to b e distributed. De Moivre in v en ted it but others

named it m uc h later. P earson p opularized the name.

4. Normal in c hemistry refers to the molarit y or concen tration of an acid or

base. Sp eci�cally , these are related b y normalit y equals the molarit y times the

n um b er of equiv alen ts, where equiv alen ts refers to n um b er of solutes. F or acids

lik e HCl and basics lik e NaOH the n umerical v alues of normalit y and molarit y

are equal. Ho w ev er, H 2 SO 4 has t wice the normalit y for a giv en molarit y . There

are additional c hemical meanings of normal related to h yp othetical comp ounds

(deh ydrated acids) and un branc hed h ydro carb ons.

5. Of course, normal in ev eryda y usage no w tends to refer to the ordinary or

usual, the status quo.

6.6 Other Distributions

There are man y w a ys a data set ma y b e distributed. The study of these w a ys will

tak e up a fair section of our statistical studies next y ear. Of particular imp ortance are

the follo wing: uniform distribution, binomial distribution, h yp ergeometric distribution,

P oisson distribution, Loren tzian distribution, Studen t t -distribution, F distribution,

and Chi-square distribution .
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48 ST A T'S LESSON 6. BELL-SH, NORMAL, GA USSIAN DISTRIBUTION

6.7 Quiz o v er Statistics Lesson 5

Use the sample data: 31, 32, 32, 34, 35, 43, 24, 13, 19, 23, 23,

45, 13, 13, 54, 45, 12, 75, 23, 46, 54, 87, 12, 45, 78 to answ er the

follo wing questions.

1. Mak e a stem and leaf diagram.

2. Mean.

3. Mo de.

4. Median.

5. Midrange.

6. Q1.

7. Q3.

8. Standard deviation.

9. V ariance.

10. Range.
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6.8. HOMEW ORK, NORMAL CUR VE 49

Name Score

6.8 Homew ork, Normal Curv e

Eac h problem is w orth t w o p oin ts. (30 p oin ts p ossible with 3 more b on us p oin ts.)

1. Find the mean and standard deviation for the data set giv en in Figure 6.3 .

Profession Ann ual Earnings frequency

Math T eac her 36,000 1,000,000

noteb o ok assem bler 360,000 100,000

Netscap e

R

programmer 3,600,000 100

Windo ws

R

programmer 36,000,000 10

Bill Gates 360,000,000 1

Figure 6.3: Fictitious Salary Data Illustrating Use of F requency .

2. T rim 10% of the data from b oth the top and b ottom of the Figure 6.3 data set

and rep eat the problem ab o v e.

3. Sho w ho w to apply the symmetry of IQ distribution and the empirical rule

(68�95�99.7) to �nd the prop ortion of a p opulation with an IQ b et w een 85 and

130.

4. What do es Cheb yshev's Theorem sa y ab out the n um b er of IQs b et w een 85 and

115?

5. The Unab om b er (Theo dore Kaczynski) has b een often cited with an IQ of 167.

Sho w ho w and calculute ho w man y standard deviations ab o v e the mean this

corresp onds to. Round y our answ er to t w o decimal places.

6. Using the mean of 54.66 and the standard deviation of 6.26, list the inauguration

ages for an y presiden t b ey ond t w o standard deviations from the mean.

7. What p ercen t of the inauguration data is within t w o standard deviations of the

mean?
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50 ST A T'S LESSON 6. BELL-SH, NORMAL, GA USSIAN DISTRIBUTION

8. Assume the inauguration data w as presen ted in an earlier homew ork in c hrono-

logical order. Whic h ordinal (�rst, second, third, etc. ) presiden ts do the un usual

scores ab o v e corresp ond with?

F or one b on us p oin t eac h, please supply the names of the un usual presiden ts in

the previous problem.

9. A dd �v e y ears ( L1 + 5 STOI L2 ) to y our presiden tial inauguration data and

recompute the mean and standard deviation.

z
Ho w did they eac h c hange?

10. Increase y our original presiden tial inauguration data b y 10% ( L1� 1:1 STOI L2 )

and recompute the mean and standard deviation. Ho w did they eac h c hange?

11. A dd 5 y ears then increase y our original presiden tial inauguration data b y 10%

( (L1 + 5) � 1:1 STOI L2 ) and recompute the mean and standard deviation.

Ho w did they eac h c hange?

12. Increase y our original presiden tial inauguration data b y 10% then add 5 y ears

( L1 � 1:1 + 5 STOI L2 ) and recompute the mean and standard deviation. Ho w

did they eac h c hange?

13. Use y our TI-84+ calculator to �nd more precisely the p ercen tage of data ex-

p ected b et w een � 1:0000 and 1.0000 standard deviations from the mean. Use

DISTR (2nd V ARS ) normalcdf (� 1:0000; 1:0000):

14. Rep eat the question ab o v e for � 2:0000 and 2.0000 standard deviations.

15. Rep eat the question ab o v e for � 3:0000 and 3.0000 standard deviations.

z
The STO or store k ey is lo cated just ab o v e the ON k ey on most TI-8x calculators. STO is not

displa y ed when the k ey is depressed.
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Stat's Lesson 7

Measuremen ts of P osition

Sa y y ou w ere standing with one fo ot in the o v en and one fo ot in an ice

buc k et. A ccording to the p ercen tage p eople, y ou should b e p erfectly com-

fortable. Bobb y Bragan

Normal distributions are v ery common, but they often ha v e di�eren t means and

di�eren t standard deviations. A standard score or z-score is a w a y of relating scores

from one normal distribution to another. Ordinary and un usual scores are discussed.

Quartiles, deciles, and p ercen tiles are in tro duced with an emphasis on outliers. W e

conclude this lesson with the 5-n um b er summary .

7.1 F ather of Statistical Genetics: Sir R. A. Fisher

Fisher (1890�1962) w as an English statistician and geneticist who had a profound

in�uence on the w a y the �eld of statistics dev elop ed, esp ecially as it applies to biology .

He is describ ed as � a genius who almost single-handedly created the foundation for

mo dern statistical science. � Fisher pioneered the design of exp erimen t, analysis of

v ariance, the tec hnique of maxim um lik eliho o d, and b egan the �eld of non-parametric

statistics. He dev elop ed ideas on sexual selection, mimicry , and the ev olution of

dominance. Sev eral statistical tests and the F distribution are named after him.

7.2 Standard or z-Scores

Sev eral times in Statistics Lesson 6, w e calculated ho w far, in standard deviations,

a data elemen t w as from the mean. This is a v ery widely used pro cedure and this

measure has the name z-score . It is also termed a standard score . Since man y data

sets ha v e a heap-shap ed, if not somewhat normal distribution, it is a v ery helpful w a y

to compare data elemen ts from di�eren t p opulations�p opulations whic h ma y v ery

w ell ha v e di�ering means and standard deviations.
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52 ST A T'S LESSON 7. MEASUREMENTS OF POSITION

A t ypical example migh t b e A CT and SA T scores. A CT scores range from 1 to 36

with a national mean of ab out 21.0 and standard deviation of ab out 4.7. (The four

sections eac h range from 1 to 36 but are a v eraged.) SA T scores range from 200 to

800 (for eac h subtest) with a national mean of ab out 508 and standard deviation of

ab out 111. Both A CT s and SA T s app ear to b e appro ximately normally distributed.

Math and Science Cen ter studen ts often tak e b oth, p erhaps sev eral times and w ould

represen t a sample. This sample w ould ha v e its o wn mean and standard deviation,

but of course, these w ould b e statistics, not parameters. (Sp eci�cally , our Math and

Science Cen ter studen ts a v erage ab out 1050 (t w o section total) when they tak e the

SA T their eigh th grade y ear and a v erage o v er 1300 (t w o section total) when they

tak e it their junior y ear. Our a v erage A CT score (junior) is ab out 29. Information

ab out the three section (math, English, and essa y) is p ending. Note that historically

the Math and Science Cen ter uses SA T scores as 40% of our admission criterion.

The math section no w con tains �higher math� (precalculus) and an alternativ e w as

in v estigate. Ho w ev er, no c hange w as made. Also of note is the new pro cedure here

in Mic higan to replace the high sc ho ol MEAP with the A CT starting with the class

of 2008.)

The form ulae used for z-score app ear in t w o virtually iden tical forms, recognizing

the fact that w e ma y b e dealing with sample statistics or p opulation parameters.

These form ulae are as follo ws.

z =
x � �x

s
z-score form ulae z =

x � �
�

The follo wing imp ortan t attributes should b e noted ab out z-scores.

Negativ e z-scores indicate a data elemen t's p osition b elo w the mean.

P ositiv e z-scores indicate a data elemen t's p osition ab o v e the mean.

z-scores should [almost] alw a ys b e rounded to t w o decimal places.

F or the IQs of 0 and 210 referred to in Statistics Lesson 6, z-scores of � 6:67
and 7.33 should b e obtained resp ectiv ely , based on a p opulation mean of 100 and a

standard deviation of 15.

The p opulation do es not ha v e to b e normally distributed to calculate z-scores,

but that is one of its primary applications.

In summary , z-scores pro vide a useful measuremen t for comparing data elemen ts

from di�eren t [heap-shap ed] data sets.
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7.3. ORDINAR Y OR UNUSUAL SCORES 53

7.3 Ordinary or Un usual Scores

No w that w e ha v e de�ned z-score, w e can de�ne t w o more terms as follo ws.

Data elemen ts more than 2 standard deviations a w a y from the mean are termed

un usual .

Data elemen ts less than 2 standard deviations a w a y from the mean are termed

ordinary .

As y ou will recall, in a normally distributed p opulation, 95% of the data will then

b e ordinary , so only 5% can b e un usual. Cheb yshev's Theorem guaran tees at least

75% of the data to b e ordinary , so no more than 25% can b e un usual.

7.4 Quartiles

Y et another metho d of measuring ho w a data set is distributed is to extend the

concept of median and use smaller and smaller divisions. The �rst division w e will

examine is the quartile .

Note �rst ho w the median divides a p opulation in to t w o halv es: a top half and a

b ottom half .

The top half consists of those data elemen ts ab o v e the median, whereas the b ottom

half consists of those data elemen ts b elo w the median. If w e sub divide eac h of these

halv es y et again, w e ha v e quartered the p opulation and eac h of these division p oin ts

is a quartile. Although one migh t o ccasionally sp eak of the b ottom quartile , top

quartile , etc. , the term quartile tec hnically refers to the three division p oin ts and

not to the four divisions of the data.

Q1 is the term used for the median of the b ottom half.

Q3 is the term used for the median of the top half.

Q2 is another term used for the median.

The precise de�nition sp eci�es that at least 25% of the data will b e less than or

equal to Q1 and at least 75% of the data will b e less than or equal to Q3 . F or this

in tro duction, w e will follo w the con v en tions for calculating Q1 and Q3 of the TI-84+

graphing calculator, but note a similar term b elo w under hinges.

All these measures of p osition assume the data is quan titativ e and can b e put in

n umeric order.

Data are rank ed when arranged in [n umeric] order.

Since range is sensitiv e to outliers (de�ned b elo w), sometimes the in terquartile
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54 ST A T'S LESSON 7. MEASUREMENTS OF POSITION

range is calculated. This range is the di�erence b et w een the third and �rst quartiles:

Q3 � Q1 . It is another measure of disp ersion. Other common terms include: semi-

in terquartile range , (Q3 � Q1)=2, another measure of disp ersion, and midquartile

or (Q1 + Q3)=2, whic h is a measure of cen tral tendency (an a v erage).

7.5 Hinges; Mild and Extreme Outliers

Another common term is hinge . There is a left hinge and a righ t hinge . Their

de�nition is so close to that of Q1 and Q3 , resp ectiv ely , that for this in tro duction, that

is what w e will use. In fact, man y b o oks and soft w are pac k ages do not di�eren tiate,

but since some do, they are de�ned here. Those whic h do di�eren tiate, establish the

con v en tion of replicating the median, th us including it in b oth halv es when �nding

the hinge. Th us, a di�eren t v alue for hinge than for quartile migh t b e found in a data

set with 10 elemen ts as illustrated in an example b elo w.

The upp er hinge is the median of the upp er half of all scores, including the median.

The lo w er hinge is the median of the lo w er half of all scores, including the median.

Outliers are extreme v alues in a data set. Sometimes the term outlier is applied

to un usual v alues as de�ned ab o v e (T riola, 5th edition). More recen tly , outliers are

de�ned in terms of the hinges or quartiles. Outliers are often di�eren tiated as mild

or extreme as de�ned b elo w. The in terquartile range or p erhaps D = upp er hinge -

lo w er hinge is used. Generally , an outlier should b e ob vious and not b orderline�righ t

next to another elemen t, but lying just outside some arbitrary line of demarcation.

Mild outlier are 1:5D to 3D b ey ond the corresp onding hinge.

Extreme outlier are b ey ond the corresp onding hinge b y more than 3D .

Example: Find an y outliers in the data set: 0, 2, 4, 5, 6, 3, 6, 1, 1, 50.

Solution: Ob viously , 50 is a m uc h larger n um b er than an y of the other elemen ts.

This outlier will cause the mean and v ariance to b e m uc h higher. Sp eci�cally , without

50, the mean is 3.1 and standard deviation 2.3, whereas with 50, the mean is 7.8 and

standard deviation 15.0. Note that the quartiles are 1 and 6, whereas the hinges are

1.5 and 5.5 for the unmo di�ed data set. F or an y of these de�nitions, 50 is w a y a w a y

from the other data and is an outlier. Outliers migh t b e legitimate data v alues or

errors. This 50 migh t really ha v e b een 5.0 and w as misco ded (historically , punc h card

input w as column sensitiv e) or p o orly recorded in a lab b o ok, with the decimal p oin t

extremely ligh t or missing. 50 ma y also represen t extreme extra credit on a 5 p oin t

quiz! It is not un usual to b e tempted to omit suc h data v alues. It is not considered

a go o d practice, but if suc h are omitted, b e sure to clearly record that fact. Y ou will

ha v e just crossed the line b et w een ob jectiv e and sub jectiv e science. It do esn't tak e
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man y suc h c hanges to sk ew results to �t a preconceiv ed notion!

In biv arian t data, a data p oin t ma y b e termed in�uen tial if it has an inordinan t

a�ect on the slop e or in tercept of a b est �t (regression) line.

7.6 Deciles

Although not nearly as common as p ercen tiles whic h follo w b elo w, deciles are

y et another fractile whic h serv e to partition data in to appro ximately equal parts.

Hence, just as there are three quartiles whic h divide a p opulation in to four parts,

so to o are there nine deciles dividing the p opulation in to ten parts. The deciles are

termed D1 through D9 .

D5 is another name for the median.

7.7 P ercen tiles

P ercen tiles are also lik e quartiles, but divide the data set in to 100 equal parts. Eac h

group represen ts 1% of the data set. There are 99 p ercen tiles termed P1 through P99 .

P50 is y et another term for median.

Other equiv alen ts, suc h as P25 = Q1 , P75 = Q3 , P10 = D1 , etc. , should also b e

ob vious. Once again, the term p ercen tile tec hnically refers to the 99 division p oin ts,

but is not uncommonly used to refer to the 100 divisions.

There is no suc h thing as P100:

F or large data sets, one can calculate the lo cator L to help �nd a requested

p ercen tile. It is computed as follo ws.

L = (
k

100
)n P ercen tile Lo cator F orm ula

k is the p ercen tile b eing sough t and n , of course, is the n um b er of elemen ts in our

data set. Usual con v en tions dictate that once L is obtained, it m ust b e c hec k ed to

see if it is a whole n um b er. If it is a whole n um b er, the v alue of Pk is the mean of the

L th
data elemen t and the next higher data elemen t. If it is not a whole n um b er, L

m ust b e rounded up to the next larger whole n um b er. The v alue of Pk is then the

L th
data elemen t, coun ting from the lo w est.

There is an essen tial di�erence b et w een rounding up and rounding o�. If w e round

o� � w e get 3. Whereas, if w e round up � w e get 4.

One last measure of disp ersion is the 10� 90 p ercen tile range whic h is de�ned

to b e P90 � P10:
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7.8 5-Num b er Summary

Another useful summary for a data set is kno wn as a 5-n um b er summary . W e

ha v e already seen the middle three mem b ers as the quartiles. The other t w o mem b ers,

the minim um and maxim um, w ere used earlier to calculate the range. These should

b e presen ted in ascending order. If the lo w er and upp er hinges are de�ned di�eren tly

from the quartiles, they should b e used instead of Q1 and Q3 in a 5-n um b er summary .

As seen in the activit y in Section 3.6, y our TI-84+ graphing calculator easily pro vides

y ou with a 5-n um b er summary .
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Name Score

7.9 Homew ork, Measures of P osition

Eac h problem is w orth t w o p oin ts, unless otherwise noted. (There are 26

regular p oin ts and 3 b on us p oin ts.)

1. Graduating Math and Science Cen ter studen ts ha v e a mean A CT score of 29.

Calculate the z-score for their mean relativ e to the national mean of 21.0 and

standard deviation of 4.7.

2. Graduating Math and Science Cen ter studen ts ha v e a mean SA T score (math

plus v erbal) of 1320. Calculate the z-score for their mean relativ e to the national

mean of 1016 and standard deviation of 157. (Note: this standard deviation

w as deriv ed b y quadratically com bining the standard deviations of the math

and v erbal subtests�m ultiplying 111 b y the square ro ot of t w o.)

3. Giv en the fact that 50% of a normally distributed data set is within 0.675

standard deviations of the mean, estimate Q1 , Q3 , and the in terquartile range

for Cen ter Senior A CT scores, giv en also a mean of 29 and standard deviation

of 3.0. W ould an A CT score of 36 b e un usual for a Cen ter studen t?

4. ( Fiv e p oin ts: ) Calculate the 5-n um b er summary (using y our TI-84+ calcula-

tors) for the data set in Figure 7.1 . See the activit y in Section 5.7 on ho w to

obtain this.

Profession Ann ual Earnings frequency

Math T eac her 36,000 1,000,000

noteb o ok assem bler 360,000 100,000

Netscap e

R

programmer 3,600,000 100

Windo ws

R

programmer 36,000,000 10

Bill Gates 360,000,000 1

Figure 7.1: Ficticious Salary Data Illustrating Use of F requency .

5. ( F our p oin ts: ) Calculate the z-score for the largest v alue in the Figure 7.1

data set. Is it an ordinary score? Is it an outlier? Whic h de�nition w orks b est?
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58 ST A T'S LESSON 7. MEASUREMENTS OF POSITION

6. Using the data set: {0, 2, 4, 5, 6, 3, 6, 1, 1, 50}, as giv en in the lesson, calculate

the left/lo w er and righ t/upp er hinge.

7. Using the data set: {0, 2, 4, 5, 6, 3, 6, 1, 1, 50}, as giv en in the lesson, calculate

its 5-n um b er summary , using the quartiles.

8. ( Three p oin ts: ) Using the data set of the t w o previous problems, c hec k if 50

is an outlier three di�eren t w a ys as follo ws.

(a) Using the hinges and D = upp er hinge - lo w er hinge.

(b) Using the in terquartile range = Q3 � Q1 for D .

(c) Using the older de�nition of b eing more than 2 standard deviations from

the mean.

Sho w all y our w ork.

9. Ho w lo w w ould the outlier ha v e to b e to b e only 2.0 standard deviations ab o v e

the mean, assuming all other n um b ers sta y ed the same?

10. Round up the n um b er e to the appropriate in teger.

11. ( Three b on us p oin ts: ) Using the �ft y 1999 class of 2003 Algebra Diagnostic

T est scores: 140, 122, 119, 99, 92, 90, 90, 88, 85, 82, 82, 81, 80, 80, 77, 74, 74,

73, 72, 71, 70, 70, 69, 69, 69, 68, 68, 68, 67, 66, 64, 64, 62, 60, 59, 59, 58, 58, 56,

56, 56, 56, 55, 54, 53, 53, 50, 47, 35, 32, �nd P10 , P90 and the 10�90 p ercen tile

range. Sho w all y our w ork.
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Stat's Lesson 8

Summarizing and Presen ting Data

Then there is the man who dro wned crossing

a stream with an a v erage depth of six inc hes. W. I. E. Gates

There are a wide v ariet y of w a ys to summarize and presen t data. Most of the

common metho ds will b e summarized here, along with the usual con v en tions and

terms for eac h.

8.1 The F ather of Exp. Data Analysis: John T uk ey

T uk ey (1915�2000) w as an American statistician. T uk ey's undergraduate and

masters training w as in c hemistry at Bro wn, but he did his Ph.D. in mathematics

at Princeton. He divided his time b et w een Princeton Univ ersit y and A T&T Bell

Labs. He w as a w arded the IEEE Metal of Honor � for his con tribution to the sp ectral

analysis of random pro cesses and the fast F ourier transform (FFT) algorithm � (whic h

is no w used extensiv ely).

T uk ey's 1977 b o ok Exploratory Data Analysis in tro duced the b o x plot. He also

p opularized stem-and-leaf diagrams. T uk ey is credited with in v en ting the computer

term bit and p erhaps miscredited with in v en ting the term soft w are. A statistical test,

distribution, metho d, and lemma all b ear his name.

8.2 F requency T ables

A frequency table lists in one column the data categories or classes and in another

column the corresp onding frequencies.

A common w a y to summarize or presen t data is with a standard frequency table

as seen in the salary data Figures 6.3 and 7.1. F requency refers to the n um b er of

times eac h category o ccurs in the original data. Another example con taining curren t

Cen ter studen t distribution is giv en in Figure 8.1 .
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Grade F requency

9 (freshmen) 30

10 (sophomores) 30

11 (juniors) 24

12 (seniors) 26

Figure 8.1: F requency T able of Cen ter Studen ts b y Grade Lev el.

T est Score F requency

0 � 19 2

20 � 39 11

40 � 59 9

60 � 79 11

80 � 99 8

100 � 119 7

120 � 139 2

Figure 8.2: F requency T able of 1998 Algebra Diagnostic T est Scores.

Often, the category column will ha v e con tin uous data and hence b e presen ted

via a range of v alues. In suc h a case, terms used to iden tify the class limits, class

b oundaries, class widths, and class marks m ust b e w ell understo o d. F or the follo wing

examples, use the data giv en in Figure 8.2 .

Class limits are the largest or smallest n um b ers whic h can actually b elong to eac h

class.

F or this example, the class limits are as displa y ed ab o v e in the left table column.

F or the largest class they are 120 and 139.

Eac h class has a lo w er class limit and an upp er class limit .

Class b oundaries are the n um b ers whic h separate classes. They are equally spaced

halfw a y b et w een neigh b oring class limits.

F or this example, the b oundaries w ould b e � 0:5; 19:5; 39:5; 59:5; 79:5; 99:5; 119:5;
and 139:5: Note that 19:49999� � � is another name for and iden tical with 19:50000� � � .

Class marks are the midp oin ts of the classes.

F or this example, the class marks are 9.5, 29.5, 49.5, .... It ma y b e necessary to

utilize class marks to �nd the mean and standard deviation, etc. of data summarized
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8.3. HISTOGRAMS 61

in a frequency table.

Class width is the di�erence b et w een t w o class b oundaries (or corresp onding class

limits).

F or this example, the class width is 20.0.

F ollo wing are guidelines for constructing frequency tables.

� The classes m ust b e �m utually exclusiv e��no elemen t can b elong to more than

one class.

� Ev en if the frequency is zero, include eac h and ev ery class.

� Mak e all classes the same width. (Ho w ev er, op en ended classes ma y b e in-

evitable.)

� T arget b et w een 5 and 20 classes, dep ending on the range and n um b er of data

p oin ts.

� Keep the limits as simple and as con v enien t as p ossible (m ultiple of width?).

If y our limits are not immediately ob vious based on the data, try to �nd an

appropriate width b y rounding up the range divided b y the n um b er of classes. Y our

lo w er limit should b e either the lo w est score, or a con v enien t v alue sligh tly less. A v oid

irrelev an t decimal places. Large data sets justify ha ving more classes. One published

guide is: n um b er of classes = 1 + log2 n . This giv es y ou 5 classes for small data sets

of 12 to 22 elemen ts and 10 classes for larger data sets of 362 to 724 elemen ts. The

sev en classes used ab o v e for 50 elemen ts is righ t on target. It is not uncommon

to omit empt y classes �b e alert for suc h guideline violations! Omitted classes do

not c hange the class width, but can b e a real source of confusion!

Relativ e freqency tables con tain the relativ e frequency instead of absolute fre-

quency .

Relativ e frequencies can b e expressed either as p ercen tages or their decimal

fraction equiv alen ts.

Cum ulativ e frequency tables con tain frequencies whic h are cum ulativ e for sub-

sequen t classes.

In a cum ulativ e frequency table, the w ords less than usually also app ear in the

left column.

8.3 Histograms

The term histogram comes from the Greek w ords meaning w eb and write . As

suc h it is a w a y to un tangle data. Another name for a histogram is a bar graph or
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62 ST A T'S LESSON 8. SUMMARIZING AND PRESENTING D A T A

Figure 8.3: TI-84 Bar Chart and Settings.

bar c hart, although some texts di�eren tiate b et w een the t w o. In a histogram the

v ertical axis has the frequency , while the horizon tal axis has the in terv als. No gaps are

allo w ed b et w een the bars. The distribution of the data: normal, sk ew ed left, sk ew ed

righ t, should b e fairly ob vious from a bar graph. Histograms are quite commonly

used to visually displa y frequency and relativ e frequency c harts. Again, some texts

indicate that a bar graph is used for catagorical data and allo ws gaps b et w een the

bars. Illustrated in Figure 8.3 are a bar graph and the accompan ying TI-84+ settings

for the US presiden tial inauguration data.

A relativ e frequency histogram has the same shap e and horizon tal scale as a

histogram, but the v ertical scale is no w the relativ e frequency .

A P areto c hart is a bar graph for qualitativ e data.

The bars in a pareto c hart should b e arranged in descending order of frequency ,

from left to righ t.

F requency p olygons are similar to histograms, but use line segmen ts to connect

the p oin ts.

When construction a frequency p olygon, the class marks should b e used on the

horizon tal scale. The graph should also b e extended to the left and righ t so that it

b egins and ends with a frequency of 0.

Cum ulativ e frequency p olygons , also kno wn as ogiv es , are also commonly en-

coun tered.

The line in an ogiv e (pronouced � 	 oh-j

	

iv e�) will alw a ys ha v e nonnegativ e slop e.

8.4 Pie Charts, Pictographs, etc.

Pie c harts ( circle graphs ) are a common w a y to understandably displa y the

relativ e prop ortions of the v arious data elemen ts. This is most commonly used on

unrank ed or qualitativ e data. If this is done b y hand, y ou should use a protractor

to accurately measure y our angles. Remem b er that there are 360�
in a full circle.

Use prop ortions to con v ert relativ e frequencies ( x ) to angle in degrees: x%=100% =
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8.5. EXPLORA TOR Y D A T A ANAL YSIS 63

4 236677899

5 0111112244444555566677778

6 0111244589

Figure 8.4: Stem and Leaf Diagram for Presiden tial Inaugural Data.

degrees=360�
.

A pictograph depicts data b y using pictures of an ob ject, suc h as coins, money

bags, airplanes, etc. Those whic h use m ultiple ob jects the same size are ok. Those

whic h use similar ob jects, scaled linearly to represen t data, can easily distort things.

There ma y b e man y other v ariations, but those listed ab o v e are most common.

8.5 Exploratory Data Analysis

A recen t trend in statistics has b een the use of exploratory data analysis . It is

a fundamen tally di�eren t approac h. Historically , statistics w ere used to con�rm �nal

conclusions ab out data. Some v ery imp ortan t assumptions w ere made, calculations

w ere complex, and graphs often unnecessary . The mo dern emphasis has b een more

on exploring data, trying to simplify the w a y the data are describ ed, and gain deep er

insigh ts in to its nature. F ew assumptions are made, the calculations are simple, as

are the graphs. The follo wing plot t yp es are mo dern in their approac h.

8.6 Stem-and-Leaf Diagrams

A stem-and-leaf diagram has the adv an tage of retaining the data in its original

form, but pro viding a visual represen tation. Illustrated in Figure 8.4 is the US Presi-

den tial Inauguration data. In this case, the stem , the tens p ortion of the presiden t's

age, is giv en on the left, and the leaf , the units p ortion of the presiden t's age, is giv en

on the righ t. Some texts adv o cate included a k ey whic h explains this concept. If the

purp ose is to presen t the data, that migh t b e w ell and go o d. Ho w ev er, this tends to

run coun ter to the original purp ose of stem-and-leaf diagrams, to explore the data,

so including a k ey will not b e encouraged here.

The follo wing rules should b e observ ed when constructing stem-and-leaf diagrams.

� The lea v es on the righ t should generally b e in increasing (or decreasing) order,

left to righ t. Some term it then an ordered stem-and-leaf diagram.

� No commas should app ear on the righ t.

� If the stem/leaf break o ccurs at a decimal p oin t, put the decimal p oin t to the

left with the stem.
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4 23

4 6677899

5 0111112244444

5 555566677778

6 0111244

6 589

Figure 8.5: Stem & Leaf Diagram for Presiden tial Inaugural Data�Split Stems.

Figure 8.6: TI-84 Bo x-plot and Settings.

� If the leaf is double or triple digit, etc. , lea v e a [half ] space b et w een eac h en try .

� There should b e at least �v e but no more than t w en t y ro ws.

� If a range is used for the stem, an asterisk (*) ma y b e used to separate the

corresp onding lea v es.

Reformatting the stem and leaf diagram as in Figure 8.5 with more ro ws (called

b y some b o oks splitting the stem ) emphasizes ev en more its normally distributed

nature. Notice ho w the stem-and-leaf diagram is also somewhat lik e a histogram, but

turned on its side. Normally , data are rounded b efore b eing put in to suc h a diagram,

but ages, for whatev er reason, usually get truncated!

8.7 Bo xplots

A b o xplot or b o x and whisk ers plot is a visual represen tation of the 5-n um b er

summary . The diagram is a quic k w a y to sp ot sk ew ed data. Illustrated in Figure 8.6

is a b o xplot from the TI-84+ graphing calculator, along with the windo w and other

settings for the US Presiden tial Inauguration data.

Please note that y ou can press TRA CE and obtain the 5-n um b er summary of:

42, 51, 55, 58, 69. The whisk ers extend from either 1.5 inner quartile range ab o v e and

b elo w the quartiles or from the minim um to maxim um v alues. The former is termed

a mo di�ed b o x plot and will ha v e outliers individually plotted via a sym b ol of y our

c hoice. They also can b e traced. Y ou ma y w an t to try the data giv en in Statistics

Lesson 7 illustrating outliers.
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Name Score

8.8 Homew ork, Presen ting Data

Eac h problem is w orth 3 p oin ts.

1. Create a pie c hart for the Cen ter studen t distribution data giv en in the �rst

table of this lesson.

2. Create a relativ e frequency table for the 1998 Algebra Diagnostic T est Score

data giv en in the second table of this lesson.

3. Create an ogiv e for the 1998 Algebra Diagnostic T est Score data giv en in the

second table of this lesson.

4. Create a frequency table for the �rst 48 decimal digits of � .

5. Create a frequency table for the �rst 48 decimal digits of

22
7 .
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66 ST A T'S LESSON 8. SUMMARIZING AND PRESENTING D A T A

6. Create a stem-and-leaf diagram for the follo wing data set:

{0, 2, 4, 5, 6, 3, 6, 1, 1, 50}.

7. Using the class marks, �nd the mean and standard deviation of the 1998 Al-

gebra Diagnostic T est Score Data con tained in the second table of this lesson.

(Consider it a sample.)

8. List the class b oundaries for the second stem and leaf diagram in this lesson

(presiden tial inauguration data with split stems).

9. List the class limits for the highest class in the second stem and leaf diagram

(Figure 8.5) in this lesson (Presiden tial Inauguration Data With Split Stems).
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Stat's Lesson 9

The Studen t t Distribution

Statistics are lik e bikinis. What they rev eal

is suggestiv e, but what they conceal is vital. Aaron Lev enstein

Once descriptiv e statistics, com binatorics, and distributions are w ell understo o d,

w e can mo v e on to the v ast area of inferen tial statistics. Sometimes, ho w ev er, suc h

statistical tests are used without all this bac kground and that is what this lesson is

ab out.

9.1 The F ather of the t Distribution: William Gosset

William Gosset (1876�1937) w as a Guinness Brew ery c hemist who needed a dis-

tribution that could b e used with small samples. Since the Irish brew ery did not

allo w publication of researc h results, he published in 1908 under the pseudon ym of

Studen t. This restriction came ab out when some trade secrets w ere published in a

researc h pap er. Th us the Studen t t -distribution is named after Gosset, although the

form used to da y is actually a mo di�cation due to Fisher. Gosset's application of

statistics to crop dev elopmen t (barley) led not only to impro v ed yields, but robust

crops, crops whic h w ere heart y against a wide v ariet y of factors. His con tributions to

the gro wing �eld of design of exp erimen t are w orth noting.

Gosset w as the �rst to describ e the distribution of s2
. It is related to the � 2

b y

the simple factor (n � 1)=� 2
. He w asn't able to pro v e mathematically ho w it w as

related to the � 2
distribution discussed in the next lesson, but he demonstrated it b y

dividing a prison p opulation of 3000 in to 750 random samples of size four and used

their heigh ts.

Gosset has b een describ ed as a mo dest man, in con trast with b oth P earson and

Fisher who had massiv e egos. He w as a friend to b oth, a ma jor accomplishmen t since

they b oth had a loathing for eac h other. Gosset once cut short an admirer b y sa ying

� Fisher w ould ha v e disco v ered it an yw a y . � Fisher, ho w ev er, considered Gosset's w ork

a � logical rev olution. �
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68 ST A T'S LESSON 9. THE STUDENT T DISTRIBUTION

9.2 Hyp othesis T esting

The basic concept of inferen tial statistics is called h yp othesis testing or some-

times the test of a statistical h yp othesis. Here w e ha v e t w o con�icting theories

ab out the v alue of a p opulation parameter. It is v ery imp ortan t that the h yp othe-

ses b e con�icting (con tradictory), if one is true, the other m ust b e false and vice

v ersa. Another w a y to sa y this is that they are m utually exclusiv e and exhaus-

tiv e, that is, no o v erlap and no other v alues are p ossible. Simple h yp otheses only

test against one v alue of the p opulation parameter ( p = 1
2 , for instance), whereas

comp osite h yp otheses test a range of v alues ( p > 1
2 ).

Our t w o h yp otheses ha v e sp ecial names: the n ull h yp othesis represen ted b y

H0 and the alternativ e h yp othesis b y Ha . Historically , the n ull (in v alid, v oid,

amoun ting to nothing) h yp othesis w as what the researc her hop ed to reject. In theory ,

it is no w common practice not to asso ciate an y sp ecial meaning to whic h h yp othesis is

whic h. (In practice, this ma y b e di�eren t, so c hec k early with y our researc h advisor.

The researc h h yp othesis b ecomes the alternate h yp othesis and the n ull h yp othesis

or �stra w man� to b e kno c k ed do wn is so determined.) Although simple h yp otheses

w ould b e easiest to test, it is m uc h more common to ha v e one of eac h t yp e or p erhaps

for b oth to b e comp osite. If the v alues sp eci�ed b y Ha are all on one side of the v alue

sp eci�ed b y H0 , then w e ha v e a one-sided test (one-tailed), whereas if the Ha v alues

lie on b oth sides of H0 , then w e ha v e a t w o-sided test (t w o-tailed). A one-tailed

test is sometimes called a directional test and a t w o-tailed test is sometimes called

a nondirectional test .

The outcome of our test regarding the p opulation parameter will b e that w e either

reject the n ull h yp othesis or fail to reject the n ull h yp othesis. It is considered p o or

form to �accept� the n ull h yp othesis. Not guilt y (not b ey ond reasonable doubt) is

not the same as inno cen t! Ho w ev er, when w e reject the n ull h yp othesis w e ha v e only

sho wn that it is highly unlik ely to b e true�w e ha v e not pro v en it in the mathematical

sense. The researc h h yp othesis is supp orted b y rejecting the n ull h yp othesis. The

n ull h yp othesis lo cates the sampling distribution, since it is (usually) the simple

h yp othesis, testing against one sp eci�c v alue of the p opulation parameter.

Establishing the n ull and alternativ e h yp otheses is sometimes considered the �rst

step in h yp othesis testing.

9.3 T yp e I and T yp e I I Errors

T w o t yp es of errors can o ccur and there are three naming sc hemes for them. These

errors cannot b oth o ccur at once. P erhaps Figure 9.1 will mak e it clearer.

The term false p ositiv e for t yp e I I errors comes from p erhaps a blo o d test where

the test results came bac k p ositiv e, but it is not the case (false) that the p erson has
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9.3. TYPE I AND TYPE I I ERR ORS 69

T ruth ! H0 T rue Ha T rue

Reject # Ha F alse H0 F alse

Reject Ha Not an error. F alse p ositiv e, T yp e I I,

� = P (Reject HajHa true)

Reject H0 F alse negativ e, T yp e I,

� = P( Reject H0jH0 true)

Not an error.

Figure 9.1: F alse Negativ es and F alse P ositiv es and Other Names.

whatev er w as b eing tested for. The term false negativ e for t yp e I errors then w ould

mean that the p erson do es indeed ha v e whatev er w as b eing tested for, but the test

didn't �nd it. When testing for pregnancy , AIDS, or other medical conditions, b oth

t yp es of errors can b e a v ery serious matter. F ormally , � = P( A ccept HajH0 true),

meaning the probabilit y that w e �accepted� Ha when in fact H0 w as true. Alpha

( � ) is the term used to express the lev el of signi�cance w e will accept. F or 95%

con�dence, � = 0:05. F or 99% con�dence, � = 0:01. These t w o alpha v alues are the

ones most frequen tly used. If our P-v alue, the high unlik eliness of H0 b eing true,

is less than alpha, w e can reject the n ull h yp othesis. Alpha and b eta usually cannot

b oth b e minimized�there is a trade-o� b et w een the t w o. Ideally , of course, w e w ould

minimize b oth. Historically , a �xed lev el of signi�cance w as selected ( � = 0:05 for

the so cial sciences and � = 0:01 or � = 0:001 for the natural sciences, for instance).

This w as due to the fact that the n ull h yp othesis w as considered the �curren t theory�

and the size of T yp e I errors w as m uc h more imp ortan t than that of T yp e I I

errors. No w b oth are usually considered together when determining an adequately

sized sample. Instead of testing against a �xed lev el of alpha, no w the P -v alue is

often rep orted. Ob viously , the smaller the P -v alue, the stronger the evidence (higher

signi�cance, smaller alpha) pro vided b y the data is against H0 .

Establishing threshold error lev els is often considered step t w o in h yp othesis testing.

Example: On July 14, 2005 the A U EDRM611 class to ok 10 samples of 20

p ennies set on edge and the table banged. The resultan t mean of heads w as 14.5

with a standard deviation of 2.12. Since this is a small sample, and the p opulation

v ariance is unkno wn, the Studen t t test w as selected. W e calculated a t v alue as

describ ed b elo w and obtained t = 6:71 =
14:5 � 10

2:12=
p

10
. F rom the Studen t t distribution

w e can �nd a P -v alue of either 8:73� 10� 5
or 4:36� 10� 5

dep ending on whether w e do

a one-tailed or t w o-tailed test. In either case our results are certainly statistically

signi�can t at the 0.0001 lev el.

The P -v alue of a test is the probabilit y that the test statistic w ould tak e a v alue

as extreme or more extreme than that actually observ ed, assuming H0 is true.
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9.4 Computing a T est Statistic

Once the h yp otheses ha v e b een stated, and the criterion for rejecting the n ull

h yp othesis establish, w e compute the test statistic. The test statistic for testing a

n ull h yp othesis regarding the p opulation mean is a z-score, if the p opulation v ariance

is kno wn (so wh y are w e sampling?). Since this is rarely the case and samples are

t ypically small, w e often use a t -score, whic h is computing similarly , as sho wn ab o v e.

When testing other sample statistics (prop ortion, v ariance, etc. , other test statistics

will b e used whic h ha v e their o wn underlying distributions. Ho w ev er, the same basic

pro cedure alw a ys applies.

Computing the test stastistic is considered b y some step three in h yp othesis testing.

9.5 Making a decision ab out H0

The last step in statistical testing is deciding whether w e reject or fail to reject the

n ull h yp othesis.

Although it is common to state that w e ha v e a small c hance that the observ ed

test statistic will o ccur b y c hance if the n ull h yp othesis is true, it is tec hnically more

correct to realize that the statemen t should refer to a test statistic this extreme or

more extreme since the area under an y p oin t on the probabilit y curv e is zero. It

can also b e said that the di�erence b et w een the observ ed and exp ected test statistic

is to o great to b e attributed to c hance sampling �uctuations. That is, 19 out of 20

times it is to o great�there is that 1 in 20 c hance that our random sample b etra y ed

us (giv en � = 0:05). Again, should w e fail to reject the n ull h yp othesis w e ha v e to b e

careful to mak e the correct statemen t, suc h as: the probabilit y that a test statistic of

blah w ould app ear b y c hance, if the p opulation parameter w ere blah, is greater than

0.05. Stated this w a y the lev el of signi�cance used is clear and w e ha v e not committed

another common error (lik e stating that with 95% probabilit y , H0 is true). It is v ery

imp ortan t for the sample to ha v e b een randomly selected, otherwise bias results mak e

suc h conclusions v acuous.

9.6 The Studen t t Distribution

It is often the case that one w an ts to calculate the size of sample needed to

obtain a certain lev el of con�dence in surv ey results. Unfortunately , this calculation

requires prior kno wledge of the p opulation standard deviation ( � ). Realistically , � , is

unkno wn. Often a preliminary sample will b e conducted so that a reasonable estimate

of this critical p opulation parameter can b e made. If suc h a preliminary sample is not

made, but con�dence in terv als for the p opulation mean are to b e constructing using
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   2 df    t=4.303
   4 df    t=2.776
 29 df    t=2.045
normal  z=1.960

-4 4-3 3-2 2-1 10

0.1

0.2
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0.4

Figure 9.2: Graphs of the Studen t- t Distribution for v arious degrees of freedom (df )

with the asso ciated critcal z=t v alues lab elled for a 95% con�dence in terv al.

an unkno wn � , then the distribution kno wn as the Studen t t distribution can b e

used.

T esting a h yp othesis at the � = 0:05 lev el or establishing a 95% con�dence in terv al

are again essen tially the same thing. In b oth cases the critical v alues and the region

of rejection are the same. Ho w ev er, w e will more formally dev elop the con�dence

in terv als elsewhere .

Gosset w ork ed with small not large samples so could not use the normal distri-

bution for his w ork. What Gosset sho w ed w as that small samples tak en from an

essen tially normal p opulation ha v e a distribution c haracterized b y the sample size.

The p opulation do es not ha v e to b e exactly normal, only unimo dal and basically

symmetric. This is often c haracterized as heap-shap ed or mound shap ed.

F ollo wing are the imp ortan t prop erties of the Studen t t distribution.

1. The Studen t t distribution is di�eren t for di�eren t sample sizes.

2. The Studen t t distribution is generally b ell-shap ed, but with smaller sample

sizes sho ws increased v ariabilit y (�atter). In other w ords, the distribution is

less p eak ed than a normal distribution and with thic k er tails (plat ykurtic). As

the sample size increases, the distribution approac hes a normal distribution.

F or n > 30, the di�erences are negligible.

3. The mean is zero (m uc h lik e the standard normal distribution).

4. The distribution is symmetrical ab out the mean.

5. The v ariance is greater than one, but approac hes one from ab o v e as the sample

size increases ( � 2 = 1 for the standard normal distribution).

6. It tak es in to accoun t the fact that the p opulation standard deviation is unkno wn.
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72 ST A T'S LESSON 9. THE STUDENT T DISTRIBUTION

7. The p opulation is essen tially normal (at least unimo dal and basically symmet-

ric)

T o use the Studen t t distribution, whic h is often referred to just as the t distri-

bution, one calculates a t -score. This is m uc h lik e �nding the z-score. The form ula

is:

t =
�x � �
s=

p
n

or t =
�x � �xe

s=
p

n

A ctually , since the p opulation mean is also lik ely unkno wn, the exp ected sample

mean m ust b e used. The critical t -score can b e lo ok ed up based on the lev el of

con�dence desired and the degrees of freedom .

9.7 Degrees of F reedom, Con�dence In terv als

Degrees of freedom is a fairly tec hnical term whic h p ermeates all of inferen tial

statistics. It is usually abbreviated df . In this case, it is the v ery common v alue

n � 1.

In general, the degrees of freedom is the n um b er of v alues that can v ary after

certain restrictions ha v e b een imp osed on all v alues.

Where do es the term degrees of freedom come from? Supp ose, for example, that

y ou ha v e a phone bill from Ameritec h that sa ys y our household o w es $100. Y our

mother and father state that $70 of it is theirs and that y our y ounger sibling o w es

only $5. Ho w m uc h do es that lea v e y ou? Here, n = 3 (paren ts, sibling, y ou), but once

y ou ha v e the total (or mean) and t w o more pieces of information, the last data elemen t

is constrained. The same is true with the degrees of freedom, y ou can arbitrarily use

an y n � 1 data p oin ts, but the last one will b e determined for a giv en mean. Another

example is with 10 tests that a v eraged 55, if y ou assign nine p eople random grades,

the last test score is not random, but constrained b y the o v erall mean. Th us for 10

tests and a mean, there are nine degrees of freedom.

If the in terv al calls for a 90% con�dence lev el, then � = 0:10 and �= 2 = 0:05 (for

a t w o-tailed test). T ables of t v alues t ypically ha v e a column for degrees of freedom

and then columns of t v alues corresp onding with v arious tail areas. An abbreviated

table is giv en b elo w. F or a complete set of v alues consult a larger table or y our

TI-84+ graphing calculator. DISTR 5 giv es tcdf .

�
tcdf exp ects three argumen ts:

lo w er t v alue, upp er t v alue, and degrees of freedom. Since historically no in v erse

t function w as giv en on the calculator, some guessing ma y b e in v olv ed. Note ho w

tcdf(9.9,9E99,2) indicates a t v alue of ab out 9.9 for a one tailed area of 0.005 with

t w o degrees of freedom. Please lo cate the corresp onding v alue of 9.925 in the table.

�
The TI-84 Silv er Edition no w ha v e in vT under DISTR and are not k eystrok e iden tical to the

TI-83, TI-83+, and TI-84+.
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9.8. T ABLE OF T V ALUES 73

� for 1 tail ! .005 .01 .025 .05 .10

� for 2 tails ! .01 .02 .05 .10 .20

Degrees # of F reedom

1 63.66 31.82 12.71 6.314 3.078

2 9.925 6.965 4.303 2.920 1.886

3 5.841 4.541 3.182 2.353 1.638

4 4.604 3.747 2.776 2.131 1.533

5 4.032 3.365 2.571 2.015 1.476

10 3.169 2.764 2.228 1.812 1.372

15 2.947 2.602 2.132 1.753 1.341

20 2.845 2.528 2.086 1.725 1.325

25 2.787 2.485 2.060 1.708 1.316

z 2.576 2.326 1.960 1.645 1.282

Figure 9.3: Studen t- t Critical V alues for V arious Alphas and Degrees of F reedom.

As with other con�dence in terv als, w e use the t -score to obtain the margin of

error term whic h is added and subtracted from the statistic of in terest (in this case,

the sample mean) to obtain a con�dence in terv al for the parameter of in terest (in

this case, the p opulation mean). In this case the margin of error is de�ned (since y ou

don't ha v e p opulation standard deviation y ou use the sample's) as:

Margin of Error = t �= 2 � (s �
p

n)

Y our con�dence in terv al in inequalit y notation should lo ok lik e: �x � ME < � <
�x + ME , or in in terv al notation as: (lo w v alue, high v alue).

9.8 T able of t V alues

The headings in Figure 9.3, suc h as 0.005/0.01 indicate the left/righ t tail area

(0.005) for a one tail test or the total tail area (left+righ t = 0:01) for a t w o tailed

test. In general, if an en try for the degrees of freedom y ou desire is not presen t in

the table, use an en try for the next smaller v alue of the degrees of freedom. This

guaran tees a conserv ativ e estimate.

Although the t pro cedure is fairly robust , that is it do es not c hange v ery m uc h

when the assumptions of the pro cedure are violated, y ou should alw a ys plot the data

to c hec k for sk ewness and outliers b efore using it on small samples. Here small can

b e in terpretted as n < 15. If y our sample is small and the data is clearly nonnormal

or outliers are presen t, do not use the t . If y our sample is not small, but n < 40,

and there are outliners or strong sk ewness, do not use the t . Since the assumption

that the samples are random is more imp ortan t that the normalit y of the p opulation

In tro duction to Statistics�p df

5
Octob er 31, 2010

c
 MMX b y Ke i�
G. Calkins



74 ST A T'S LESSON 9. THE STUDENT T DISTRIBUTION

distribution, the t statistic can b e safely used ev en when the sample indicates the

p opulation is clearly sk ew ed, if n > 40.

The t w o sample t tests will b e discussed next y ear.

Note: this lesson con tains a hea vy dose of inferen tial statistics. Sometimes this

quan tit y of information is necessary for EXPO/ISEF pro jects. Some pro jects require

more statistical testing than others. T esting will primarily b e o v er the di�eren t names

for t yp es of errors, four steps of h yp othesis testing, t-distribution prop erties, and

v o cabulary .
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9.9. HOMEW ORK, T DISTRIBUTION 75

Name Score

9.9 Homew ork, t Distribution

Eac h problem is w orth three p oin ts.

1. Iden tify the four steps of h yp othesis testing.

2. Describ e T yp e I and T yp e I I errors, giving alternate name S as w ell.

3. Giv e alternate names for one- and t w o-tailed tests.

4. Ho w are the lev el of signi�cance and con�dence in terv al related?

5. Ho w are the critical v alue(s) and the region of rejection related?
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76 ST A T'S LESSON 9. THE STUDENT T DISTRIBUTION

6. Under what circumstance s m ust y ou use the Studen t t distribution instead of

the normal distribution?

7. Describ e sev eral c haracteristics of the Studen t t distribution.

8. What are degrees of freedom?

9. Find the 90th
, 95th

, and 99th
p ercen tile for the Studen t t distribution with 10

degrees of freedom.

10. Supp ose a large college dean wishes to c hec k for a dramatic nondirectional

c hange in GP A in recen t y ears. The mean for the last �v e y ears has b een

established as 2.95 and the mean for a random sample of 225 recen t graduates

is 2.85 with a standard deviation of 0.55. T est H0 : GP A=2.95 at the � = 0:01
lev el. Be sure to sho w y our steps and state y our conclusions in a professional

manner. Ho w w ould this c hange if the sample size w as only 25?
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Stat's Lesson 10

Chi Squared ( � 2
) Go o dness of Fit

Baseball is ninet y p ercen t men tal

and the other half is ph ysical. Y ogi Berra

Baseball fans are junkies,

and their heroin is the statistic. Rob ert S. W eider

The test statistics used in conjunction with the normal and Studen t t distribu-

tions assume certain parameters ab out the paren t p opulations, sp eci�cally , normalit y

and v ariance homogeneit y . Quite often in biological science researc h suc h restrictiv e

assumptions cannot b e made and certain nonparametric tests ha v e b een dev el-

op ed whic h help us analyze suc h data. A common distribution encoun tered in suc h

nonparametric tests is the � 2
distribution.

10.1 The F ather of Math. Statistics: Karl P earson

Karl P earson (1857�1936) established mathematical statistics as a discipline. He

started the �rst univ ersit y statistics departmen t in London in 1911. Although P earson

w as b orn as Carl, this b ecame Karl when he enrolled at a German univ ersit y in 1879.

He used b oth sp ellings for �v e y ears b efore �nally adopting Karl. He ev en tually

b ecame univ ersally kno wn as KP .

P earson w ork ed closely with F rancis Galton, a cousin to Charles Darwin. In fact,

P earson published a three v olume biograph y on Galton. Galton w ork ed on ev olution

and eugenics and up on his death funded a c hair of eugenics at the Univ ersit y of

London, whic h P earson held �rst. Eugenics at that time w as m uc h lik e racism and

con�icts arose b et w een so cially acceptable solutions and the scien ti�c b ettermen t of

the race� i.e. Hitler's �Final Solution.� P earson's b o ok The Grammar of Science

a�ected Einstein's w ork.

P earson's w ork in statistics w as all-encompassing. W e presen t in this lesson his

Chi-squared. The P earson pro duct momen t correlation co e�cien t is named after this

P earson b ecause of his extensiv e w ork with correlation and regression. Ho w ev er, it
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is un usual to �nd its name giv en so completely . P earson also w ork ed on classifying

distributions. P earson w as o�ered but refused a knigh tho o d, among other honors.

10.2 Chi Squared Distributions and T ests

The � 2
distribution is a con tin uous distribution related to the normal distribution.

Sp eci�cally it in v olv es the sum of squares of normally distributed random v ariables.

Chi is a Greek letter ( � ) and is pronounced lik e the hard k sound in the Scottish

w ork Lo c h (and not lik e those grassy c hia p ets). The � 2
distribution is imp ortan t in

sev eral con texts, most commonly in v olving v ariance.

The � 2
family of distributions is c haracterized b y one parameter called the degrees

of freedom whic h is often denoted b y � (the Greek letter n u) and used as a subscript:

� 2
� . The classical � 2

distribution w as dev elop ed b y Fisher and P earson.

1. The � 2
distribution is con tin uous.

2. The � 2
distribution is unimo dal.

3. The � 2
distribution is alw a ys p ositiv e ( > 0).

4. The � 2
distribution mean = � .

5. The � 2
distribution v ariance = 2� .

6. F or small � ( � < 10), the distribution is highly sk ew ed to the righ t (p ositiv e).

7. As � increases the � 2
distribution b ecomes more symmetrical ab out � (the

mean).

8. W e can th us appro ximate the � 2
� when � > 30 with the normal (see table b elo w).

T ables of critical � 2
v alues are commonly a v ailable (as b elo w) or can b e computed

b y a statistical pac k age or statistical calculator.

A common application of the � 2
distribution is in the comparison of exp ected

with observ ed frequencies. When there is but one nominal v ariable, this is often

termed go o dness of �t . In this case w e are testing whether or not the observ ed

frequencies are within statistical �uctuations of the exp ected frequencies. Although

one t ypically c hec ks for high � 2
v alues, the second example b elo w illustrates the

p ossible signi�cance of a lo w � 2
v alue.

Example: On July 14, 2005 the A U EDRM611 class collected 10 trials of 20

p ennies eac h where these 20 p ennies w ere set on edge and the table banged. The

class observ ed 145 heads. W e can compare the observ ed with exp ected frequencies

and test for go o dness of �t as sho wn in Figure 10.1 . There is but one degree of freedom

since the n um b er of tails is dep enden t on the n um b er of heads (200� 145 = 55).
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10.3. A CHI SQUARED DISTRIBUTION T ABLE 79

Side: Head T ail

Observ ed 145 55

Exp ected 100 100

(Obs-Exp) 45 � 45
(O � E)2

2025 2025

(O � E)2
/E 20.25 20.25

Figure 10.1: Chi-squared Go o dness of Fit for 200 P enn y Flips.

upp er tail: 0.99 0.975 0.95 0.90 0.10 0.05 0.025 0.01

degrees of f.

1 0.00016 0.001 0.0039 0.016 2.706 3.841 5.024 6.635

2 0.020 0.051 0.103 0.211 4.605 5.991 7.378 9.210

3 0.115 0.216 0.352 0.584 6.251 7.815 9.348 11.34

4 0.297 0.484 0.711 1.064 7.779 9.488 11.14 13.28

5 0.554 0.831 1.145 1.610 9.236 11.07 12.83 15.09

10 2.558 3.247 3.940 4.865 15.99 18.31 20.48 23.21

15 5.229 6.262 7.261 8.547 22.31 25.00 27.49 30.58

20 8.260 9.591 10.85 12.44 28.41 31.41 34.17 37.57

25 11.52 13.12 14.61 16.47 34.38 37.65 40.75 44.31

> 30 use z =
p

2� 2 �
p

2df � 1

Figure 10.2: T able of Critical � 2
V alues for v arious � 's and Degrees of F reedom.

Solution: W e form the � 2
statistic b y summing the (O� E)2=E and get 2025/100

+ 2025/100 = 40.5. W e can then compare this � 2
with critical � 2

v alues or �nd an

asso ciated P -v alue. The critical � 2
v alue for df=1 and one-tailed, � = 0:05 is 3.841.

Our results are far to the righ t of 3.841 so are VER Y signi�can t ( P -v alue = 1:6� 10� 10
).

A table of critical � 2
v alues for select v alues is giv en b elo w.

10.3 A Chi Squared Distribution T able

W e also presen t in Figure 10.3 graphs of the � 2
Distribution for a few Degrees of

F reedom.

Example: On July 12, 2005 the A U EDRM611 class collected 192 dice rolls, eac h

p erson presen t using a di�eren t die and eac h p erson doing 24 rolls. W ere the results

within the exp ected range?

Solution: W e form the � 2
statistic if Figure 10.4 b y summing the (O � E)2=E

and get 208=32 = 6:5. W e can then compare this � 2
with a critical � 2

. Only if it is
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df=2   0.103,5.991
df=3   0.352,7.815
df=4   0.711,9.488
df=5   1.145,11.071

121086420

0.1

0.2

0.3

0.4

0.5

Figure 10.3: Graphs of the � 2
Distribution for v arious Degrees of F reedom (df ). The

critical v alues (90% con�dence in terv al) with 5% b elo w or ab o v e are also indicated.

The mo de is df � 2 or 0, whic hev er is larger. The mean is df.

Pips: 1 2 3 4 5 6

Observ ed 27 23 30 35 40 37

Exp ected 32 32 32 32 32 32

(Obs � Exp) � 5 � 9 � 2 3 8 5

(O � E)2
25 81 4 9 64 25

(O � E)2=E 0.78125 2.53125 0.125 0.28125 2.00 0.78125

Figure 10.4: Chi

2
Go o dness of Fit for 192 Rolls of a Die.

more extreme is it w orth �nding a P -v alue. W e ha v e 6 � 1 = 5 degrees of freedom.

The critical � 2
v alues for df=5, t w o-tailed, and � = 0:05 are 1.145 and 11.07. Since

our � 2
is within this range, our results are within the range w e can exp ect to o ccur

b y c hance. Notice the lo w er � 2
cut o�. When p eople fabricate a random distribution

they are lik ely to mak e it to o uniform and get to o small of a � 2
whic h can b e c hec k ed

as ab o v e, but the � 2
w ould lik ely b e less than 1.145. W orking bac kw ards w e see the

sum of the (O � E)2
w ould ha v e to b e less than 36 so if one w ere 5 or less a w a y and

the rest m uc h closer, w e migh t w onder.

As noted at the b ottom of the table ab o v e, when the degrees of freedom are large,

a z-score can b e formed and compared against a standard normal distribution. Note

also that the mean of an y � 2
is the degrees of freedom. This migh t b e helpful to

realize where the distribution is cen tered.

The � 2
go o dness of �t do es not indicate what sp eci�cally is sign�can t. T o �nd that
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10.4. OTHER APPLICA TIONS 81

out one m ust calculate the standardized residuals. The standardized residual is

the signed square ro ot of eac h category's con tribution to the � 2
or R = ( O� E)=

p
(E) .

When a standardized residual has a magnitude greater than 2.00, the corresp onding

category is considered a ma jor con tributor to the signi�cance. (It migh t b e just as

easy to see whic h (O � E)2=E en tries are larger than 4, but standardized residuals

are t ypically pro vided b y soft w are pac k ages.)

10.4 Other Applications

The � 2
go o dness of �t test can b e extended to more than one v ariable. It then is

often termed the � 2
test of homogeneit y . Con tingency tables are formed, exp ected

frequencies are deriv ed from the marginal totals, the � 2
computed, and c hec k ed. The

degrees of freedom will b e (R � 1)(C � 1), where R is the n um b er of ro ws and C is

the n um b er of columns. The n ull h yp othesis is that there is no statistical di�erence

in distribution b et w een v ariables one and t w o. Similar tests can b e p erformed when

the n ull h yp othesis is stated somewhat di�eren tly (no relationship, form phi, test OR

the prop ortion in state one of v ariable one is the same as the prop ortion in state t w o

of v ariable one, form prop ortion di�erence, test).

Supp ose w e ha v e four grade lev els of studen ts (freshman, sophomore, junior, se-

nior) indicating whic h sub ject (English, Math, Science, Computers) is most in need

of c hange. W e collect the data in the 4 � 4 con tingency Figure 10.5 b elo w and ha v e

included the exp ected coun ts in paren theses based on exp ected frequency =

f r � f c
n ,

where f r is the ro w frequency , f c is the column frequency , and n is the total fre-

quency (sample size).

Grade English Math Science Computers

F reshman 35 (28.35) 8 (8.19) 10 (16.38) 10 (10.08) 63

Sophomore 30 (29.70) 8 (8.58) 20 (17.16) 8 (10.56) 66

Junior 15 (19.35) 5 (5.59) 15 (11.18) 8 (6.68) 43

Senior 10 (12.60) 5 (3.64) 7 (7.28) 6 (4.48) 28

90 26 52 32 200

Figure 10.5: F requencies for Studen ts Indicating Sub ject Most in Need of Change.

Step 1. Our h yp othesis is that there will b e no di�erence b et w een studen ts in

v arious grade lev els regarding their p erception of the sub ject most of need of c hange.

W e will use � = 0:05. Step 2. The degrees of freedom is (R � 1)(C � 1) = (4 � 1)(4 �
1) = 9 , giving us a critical v alue for the test statistic of � 2

cv = 16:92. Step 3. W e ha v e

calculated a � 2 = 9:29 from summing all the

(O� E )2

E . Step 4. Since 9.29 do es not
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exceed 16.92, our n ull h yp othesis is not rejected and w e conclude that the studen ts

are homogeneous (or rather not inhomogeneous) in their p erceptions.

There are p oten tial problems asso ciated with small exp ected frequencies in con-

tingency tables. Historically , when an y cell of a 2 � 2 table w as less than 5 a Y ates'

correction of con tin uit y w as advised. Ho w ev er, it has b een sho wn that this can

result in a loss of p o w er (a tendency not to reject a false n ull h yp othesis). Care should

b e exercised and advise sough t. Larger con tingency tables can also b e problematic

when more than 20% of the cells ha v e exp ected frequencies less than 5 or if there are

an y cells with 0. One solution is to com bine adjacen t ro ws or columns, but only if it

mak es sense.

10.5 Don't Abuse T ests of Signi�cance

In closing w e should note the imp ortance of fo cusing on a small n um b er of w ell-

conceiv ed h yp otheses in researc h rather than blindly calculating a b evy of � 2
statistics

for all v ariable pairs and ending up with 5% of y our results b eing signi�can t at the

0.05 lev el! Y ou w ould ev en exp ect 1% of y our results, due to pure random c hance in

y our sample selection, to b e signi�can t at the 0.01 lev el. Since there are n(n � 1)=2
p ossible pairings for n v ariables, one w ould ha v e 4950 pairs for 100 v ariables of whic h

almost 250 could lo ok signi�can t at the 0.05 lev el. Bew are!

Again, this lesson w as not part of m y original design and con tains a hea vier

dose of statistics than planned. Ho w ev er, this test has often b een deemed useful

for EXPO/ISEF pro jects and inclusion here seemed inevitable. Calculation of a Chi-

squared statistic is lik ely on the test.

10.6 Conclusion/Errata

This concludes our in tro duction to statistics. W e will con tin ue next y ear with

com binatorics, a surv ey of distributions, and more inferen tial statistics. Please col-

lect y our lectures and homew ork for stapling. An activit y in that regard will b e

distributed. A list of lo ose ends follo ws.

� F ormatting issues: test scoring b o xes; homew ork 4 (y early c hanges).

� References to the Num b ers Lessons need to b e co ded with ref not href via

defs.
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) 83

Name Score

10.7 Homew ork, Hyp othesis T esting ( � 2
)

Problems one through four are w orth 5 p oin ts eac h. Problem 4 will b e

rigorously c hec k ed.

1. Brian Small rolled a dice 1002 times and obtained the follo wing results. Help

him determine if the die is fair b y doing a c hi square go o dness of �t b y complet-

ing Figure 10.6. Be sure to indicate y our test statistic, tails, degrees of freedom,

and critical test statistic.

Pips: 1 2 3 4 5 6

Observ ed 181 155 141 162 153 210

Exp ected 167 167 167 167 167 167

(Obs-Exp)

(O � E)2

(O � E)2
/E

Figure 10.6: Chi-squared Go o dness of Fit for 1000 Die Rolls�Real.

2. Indicate the v alue of an y signi�can t standardized residuals from problem 1

ab o v e.

3. Susie Agiv an got tired of rolling her die and made up the data giv en in Figure

10.7 . Help her teac her test for data fabrication b y doing a c hi-square go o dness

of �t. Be sure to indicate all four steps and v alues in testing this h yp othesis.

Pips: 1 2 3 4 5 6

Observ ed 165 170 172 161 174 160

Exp ected 167 167 167 167 167 167

(Obs-Exp)

(O � E)2

(O � E)2
/E

Figure 10.7: Chi-squared Go o dness of Fit for 1000 Dies Rolls�F ak ed.
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4. Since 1995, blue M&M

R

candies replaced tan with

�
13% bro wn, 14% y ello w,

13% red, 20% orange, 16% green, and 24% blue candies to b e exp ected, on

a v erage. �While w e mix the colors as thoroughly as p ossible, the ab o v e ratios

ma y v ary somewhat, esp ecially in the smaller bags. This is b ecause w e com bine

the v arious colors in large quan tities for the last pro duction stage (prin ting).

The bags are then �lled on high-sp eed pac k aging mac hines b y w eigh t, not b y

coun t.� Eac h studen t will obtain a random sample of n = 10 M&M's

R

from

the common 14.0 oz bag.

y
Then complete the table b elo w.

Color: bro wn y ello w red orange green blue

Observ ed

Exp ected

13n
100 = 14n

100 = 13n
100 = 20n

100 = 16n
100 = 24n

100 =
(O � E)
(O � E)2

(O � E)2=E

Figure 10.8: Chi-squared Go o dness of Fit for M&M Data.

No w add up the b ottom ro w and call it � 2
. Compare y our v alue with others.

Did an y particular color con tribute signi�can tly to this v alue?

5. Bon us: After completing the coun t, feel free to disp ose of the M&M's

R

b y

an y appropriate metho d.

�
Old v alues giv en: 30% bro wn, 20% y ello w, 20% red, 10% orange, 10% green, and 10% blue.

y
In 2009 this w as reduced 10% to 12.60 oz.
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10.8 Summary sheet for � 2
A ctivit y

Please en ter y our sample data in the space pro vided. Lea v e a blank ro w after

eac h table has en tered their data.

T able M&M

R

Color: bro wn y ello w red orange green blue � 2

y our name

1

1

1

1

T able 1

P

2

2

2

2

T able 2

P

3

3

3

3

T able 3

P
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T able M&M

R

Color: bro wn y ello w red orange green blue � 2

y our name

4

4

4

4

T able 4

P

5

5

5

5

5

T able 5

P

6

6

6

6

6

T able 6

P

7

7

7

7

T able 7

P

Figure 10.9: Collection P oin t for � 2
M&M Data.
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10.9. A CTIVITY TO VERIFY BOOK BEF ORE ST APLING 87

10.9 A ctivit y to V erify Bo ok Before Stapling

Directions: Y ou ma y w ork together, but answ er eac h question carefully using y our

o wn Statistics b o oklet. T ak e time to put the b o oklet in THIS order. Mak e a list b y

table of who is missing what (non b on us) items. Get b o oklet stapled b y Ke i�
on or

b efore Oct. 22.

1. P age i (co v er): Revision co de/n um b er after title.

2. P age iii (T able of Con ten ts): Who is the Danish F ather of Astronom y?

3. P age vii (List of Figures): Figure 10.1 title.

4. P age ix � x (b on us): Due date (da y of mon th) for pro ject divided b y n um b er of

clippings required (as reduced, improp er fraction).

5. The pro ject rubric listed in the table of con ten ts as page xi will b e returned

with the pro ject and is not a prop er part of the statistics b o oklet.

6. P age 1: Lesson 1, Three founders of scien ti�c metho d (b ottom).

7. P age 9: Homew ork 1, T w o data catagories starting with q (Q5). One b on us

p oin t for giving synon ymous names whic h don't start with q!

8. P age 12: Lesson 2, Second p oin t to consider.

9. P age 17: Homew ork 2, Ho w to mak e the answ er to Q7 ratio.

10. P age 21: Lesson 3, Midrange form ula.

11. P age 24: A ctivit y 3, Keystrok es to sort a list (near middle of page).

12. P age 25: Homew ork 3, O�cial age of Eisenho w er at inauguration.

13. P age 28: Lesson 4, Ho w arithmetic and geometric sequences di�er.

14. P age 33: Homew ork 4, Mo de for �rst 20 decimal digits of e (Q4).

15. P age 36: Lesson 5, Range form ula.

16. P age 41: Homew ork 5, Num b er of presiden ts within 2 standard deviations of

mean inauguration age (Q6).

17. P age 47: Lesson 6, Second meanings for w ord normal.

18. P age 48: Quiz 5, Q6.
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19. P age 49: Homew ork 6, What Cheb yshev's Theorem sa ys ab out IQ's b et w een

85 and 115 (Q4).

20. P age 52: Lesson 7, Meaning and n um b er of decimal digits in a z -score.

21. P age 58: Homew ork 7, Round e up to the appropriate in teger (Q10).

22. P age 59�64: Lesson 8, Three t yp es of graphical data represen tations.

23. P age 65: Homew ork 8, Strangeness ab out frequency table for

22
7

(Q5).

24. P age 67: Lesson 9, Who w en t b y the psuedon ym Studen t?

25. P age 75: Homew ork 9, Giv e alternate names for one- and t w o-tailed tests (Q3).

26. P age 78: Lesson 10, The v ariance of the c hi-square distribution.

27. P age 84: Homew ork 10, Ho w man y M&M's

R

in eac h studen t's sample.

28. P age 87: Bon us: Express 1/(Section 10.9 page n um b er) exactly as a decimal

fraction.

29. P ages 85�86, and 89 con taining M&M summary and app endix header so are

omitted. Strik e them (pages 86 and 91) from the T able of Con ten ts.

30. P age 92 (released test): Date on released test.

31. P age 96�97 (released test k ey): rev eiw b efore test.

In the space b elo w dra w a BIG smiley face. Where a nose should b e put

a n um b er corresp onding to ho w man y of the ab o v e questions/activities y ou ha v e

answ ered or p erformed correctly
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90 APPENDIX A. ODD SOLUTIONS AND RELEASED TESTS/KEYS

A.1 Odd Homew ork Answ ers

A.1.1 Odd Homew ork Answ ers, Stat's In tro duction

1. Statistics: collection of metho ds used in planning exp erimen ts, collecting data,

and analyzing it (a discipline). Statistic: a v alue, c haracteristic of a sample.

3. Sample: Probably Biased. Most of the callees are fed up with and do not w an t

an ything to do with Clin ton.

5. Quan titativ e and Qualitativ e.

7. Ratio, In terv al, Ordinal, Nomial (in that order).

9. 600� 50 + 350 = 900.

11.

300
600 � 100% = 50%.

13. 90% of 25% of 100,000 is 22,500.

15. F = 9
5C + 32�

and F = C .

F = 9
5F + 32�

. 5F = 9F + 160�
. 4F = � 160�

. F = C = � 40�
.

A.1.2 Odd Homew ork Answ ers, Statistical Sampling

1. Discrete.

3. Con tin uous (except at atomic/quan tum mec hanical lev el), but probably re-

p orted fairly discretely .

5. Probably nominal (esp ecially white, blac k, bro wn, gra y , plaid, paisley , etc. ),

unless measuring rain b o w color w a v elengths, then ratio! There w ere reasons

m y 64 color cra y on b o x w as organized alphab etically .

7. In terv al if F ahrenheit or Celsius. If con v erted to Kelvin or Rankine, they w ould

b e ratio!

9. Systematic.

11. Cluster.

13. W ary , bias, (�easy� isn't quite as telling).

15. Prop ortionate and Represen tativ e.

17. The w ord a v erage is am biguous and could refer to an y of: Mo de=1; Median=2;

Mean=3 .0 ; or Midrange=4.0.
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A.1. ODD HOMEW ORK ANSWERS 91

19. T ransistors, computers, lasers.

21. Lab noteb o oks can b ecome legal do cumen ts and an y information therein ma y

help or hinder the in v estigation of a great breakthrough or fraud. They can b e

y our defense, a silen t witness, or y our undoing.

A.1.3 Odd Homew ork Answ ers, A v erages

1. Mean=$80,000,000, if prop er rules regarding signi�can t digits are follo w ed!

T ypically , studen ts answ er $79,999,200. No mo de. Median=$3,600,000.

Midrange=

$360;000;000+$36;000
2 = $180; 000; 000, if prop er rules regarding signi�-

can t digits are follo w ed. T ypically , studen ts incorrectly answ er $180,018,000.

3. Mean=median=midrange=4.5. No mo de.

5.

100:0 kph+80 :0 kph
2 = 90:00 kph W atc h sig. �gs.!

7. T o FL:

2000: km
100:0 kph = 20:00 hours. T o MI:

2000: km
80:0 kph = 25:0 hours.

20.00 hours + 25.0 hours = 45.0 hours.

9. 1.

10+ � 2
2 = 4 �

F. 3a.

82+ x
2 = 90 . x = 90 � 2� 82 = 98. 5. ( � 0:09+0 :3

2 ; 12+ � 4
2 ) =

(0:105; 4).

11. ( x1+ x2
2 ; y1+ y2

2 ; z1+ z2
2 ; ict 1+ ict 2

2 ) .

A.1.4 Odd Homew ork Answ ers, Means

1. Di�ers ev ery y ear. 2010: n = 6 .

6P

i =1
x i = 504. �x = 84:0 (and not 84)

No mo de. Median=79. Midrange=

52+127
2 = 89:5.

3. Di�ers ev ery y ear. 2010: � = 77:0 and � = 18:1 so z = :39 or the sample mean

is less than half a standard deviation ab o v e the p opulation mean.

5. Mean=Median=Midrange=4.5. No mo de.

7.

2
1

100 :0 + 1
80:0

= 88:9 kph. Note: the 2 is exact.

9.

q
1202+( � 160)2 +95 2+10 2

4 =
p

12281:25 = 110:8 v olts or 111 v olts, although double

the usual n um b er of signi�can t �gures out of a square ro ot is commonly advised.

11. 54:5 for 34 ages (10% trimmed mean). 54:34 for 26 ages (20% trimmed mean).

13. �
p

2 � 50 = � 10:00. 10 not ok! Bon us for � .
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A.1.5 Odd Homew ork Answ ers, Disp ersion

1. Range=360,000,000 (not 359,964,000). s = 160; 000; 000(not 157,249,587.4).

s2 � 2:5 � 1016
.

3. Range=7 (p ossibly 7.0). s = 2:4. s2 = 6:0:

5. 28 of 44 or 64% within [49; 60].

7. s2 = (1� 3)2 +(1 � 3)2 +(2 � 3)2 +(4 � 3)2 +(7 � 3)2

5� 1 = 4+4+1+1+16
4 = 26

4 = 6:5 s = 2:55

9.

p
5 � 2:236 � 2:24 2:242 = 5:0176: 2:232 = 4:9729 2:252 = 5:0625.

:0625
5 � 13� 10� 3

or 13 ppk.

:01
2:24 � 4:5� � 10� 3

or 4 ppk.

A.1.6 Odd Homew ork Answ ers, Normal Curv e

1. �x = 66400 (not 66429.6). s = 373; 000 (not 373243.6).

3.

68
2 + 95

2 = 34 + 47:5 = 81:5%.

5. z = 167� 100
15 = 4:47. (Remem b er to use 2 decimal places.)

7. 41 out of 44 or 93%.

9. �x0 = 59:8 s0 = 6:2 �x0 = �x + 5 s0 = s.

11. �x0 = 65:8 s = 6:8. new �x0 = (�x + 5) � 1:1. s0 = s � 1:1.

13. normalcdf(-1,1) =0.68269=68.269%.

15. normalcdf(-3,3) =0.99730=99.730%.

A.1.7 Odd Homew ork Answ ers, Measure of P osition

1.

29� 21:0
4:7 = 1:70.

3. z = � 0:675 = Q i � 29
3 . Q1 = 26:975� 27:0 and Q3 = 31:025� 31:0. Q3 �

Q1 = 31:0 � 27:0 = 4:0 29 + 2s = 29 + 6 :0 = 35:0 < 36 so y es.

5. z = 360;000;000� 66400
373000 = 965:00 VER Y un usual data v alue (outlier). The

quartile and hinge de�nitions b oth fail since Q1 = Q3 and the upp er and lo w er

hinges are equal.

7. minX = 0. Q 1 = 1. Median = 3.5. Q 3 = 6. maxX = 50.

9. Making the 50 all the w a y do wn to 9 or 10 is necessary (guess and c hec k).

11. L10 = 10
10050 = 5.

53+53
2 = 53:0 = P10 .

L90 = 90
10050 = 45.

90+92
2 = 91:0 = P90 . P90 � P10 = 91:0 � 53:0 = 38:0.
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A.1.8 Odd Homew ork Answ ers, Presen ting Data

1.

Freshmen
Geometry

Sophomores
Algebra II

Juniors
Precalc

Seniors
Calculus

BC

AB/BC

Pre
KGC: Geometry, Algebra II, and see below

STL: soph pre, AB/BC, Calculus

EB: Precalculus

KGC assists EB async since new textbook/webassign

KGC may take AB/BC & BC on Fridays

KGC has limited assistance 7:30-11:30

3.

5.

Digits F requency

0 0

1 8

2 8

3 0

4 8

5 8

6 0

7 8

8 8

9 0

7. The class marks are: 9.5, 29.5, 49.5, : : :. En ter as L1 with the frequencies in

L2 , do 1-varstat L1; L2 . �x = 65:9. s = 31:7 (assuming sample).

9. 65 and 69.
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A.1.9 Odd Homew ork Answ ers, t Distribution

1. A) State H 0 and H a . B) Set � and � . C) Compute test statistics/con�dence

in terv al. D) F orm conclusion (state P -v alue).

3. One-sided h yp othesis/test is directional. A t w o-sided h yp othesis/test is non-

directional.

5. The rejection region is b ounded b y the critical v alues.

7. V aries with sample size. Generally b ell-shap ed but thic k tails at small n .

Symmetric with mean of zero. V ariance > 1, but approac hes 1 as n increases.

9. Inv-t w as added under distr on ab out the TI-84+. On earlier calculators y ou

ha v e to use guess and c hec k using tcdf(-9E99,???) . invt(.90,10) =1.372

for df=10. invt(.95,10) =1.812 for df=10. invt(.99,10) =2.764 for df=10.

A.1.10 Odd Homew ork Answ ers, Hyp othesis T esting ( � 2
)

1. One-tailed. 5 degrees of freedom. � = :05: � 2
c = 11:071:

� 2 = 18:47 (sum of b ottom ro w). W e can reject an H0 that the die is fair at

the � = 0:05 lev el or a P-v alue of 0.0024.

Pips: 1 2 3 4 5 6

Observ ed 181 155 141 162 153 210

Exp ected 167 167 167 167 167 167

(Obs-Exp) 14 � 12 � 26 � 5 � 14 43

(O � E)2
196 144 676 25 196 1849

(O � E)2
/E 1.17 0.86 4.05 0.15 1.17 11.07

3. A. H0 : Statistically random; Ha : not statistically random.

B. � = 0:05 df = 6 � 1 = 5 1-tailed.

C. � 2
c (lo w er) is 1:145. Our v alue: � 2 = 1:03

D. W e can reject H0 but the dean migh t not with � = 0:01 and � 2
c = 0:554.

Pips: 1 2 3 4 5 6

Observ ed 165 170 172 161 174 160

Exp ected 167 167 167 167 167 167

(Obs-Exp) � 2 3 5 � 6 7 � 7
(O � E)2

4 9 25 36 49 49

(O � E)2
/E 0.024 0.054 0.150 0.216 0.293 0.293

5. Eating the M&M's is probably the most p opular disp osal metho d.
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Name Score

A.2 Released T est: In tro. to Statistics, Oct. 19, 2001

One 3"x5" notecard and your graphing calculator allowed.

Place short answers on the blank provided toward the left.

Leave the scoring boxes blank. SHOW YOUR WORK. Each

of the 20 question numbers is worth 5 points. Allocate

your time wisely. Read the questions carefully. Hand in

all scratch paper and the cover sheet with your test.

P art I, Constructed Resp onse, 25%, 25 p oin ts.

Giv en the follo wing sample of test scores, p erform the indicated

op eration or calculate the statistical quan tit y indicated.

{83, 68, 66, 68, 98, 60, 42, 71, 75}

5

1 . Construct a stem-and-leaf diagram.

5

2 . Midrange .

5

3 . Arithmetic Mean .

5

4 . Standard Deviation .

5

5 . Sho w ho w to compute the z-score for the smallest test score. Put

y our answ er in the prop er format.

End of P art I�test con tin ues on bac k side of sheet.

25
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P art I I, Multiple Choice, 25%, 25 p oin ts.

5

6 . What is the mo de of the data set f 1; 1; 2; 4; 7g?

A. 1 B. 2 C. 2.2 D. 3.0 E. 4.0

5

7 . In a class of 30 studen ts the a v erage exam score is 70. The teac her

thro ws out the exams with the top score (whic h w as 90) and the b ottom

score (whic h w as 22) and recomputes the a v erage based on the remaining

28 exams. What is the new a v erage?

A. 65.4 B. 68 C. 69 D. 71 E. Insu�cien t information.

5

8 . What is the harmonic mean of the data set f 2; 3; 4g?

A. 2.77 B. 2.88 C. 3.0 D. 3.11 E. 4.0

5

9 . If y ou add 5 to eac h v alue in a data set, then the standard deviation

will:

A. decrease b y 5. B. sta y the same C. increase b y 5.

D. reduce b y a factor of 2.236. E. increase b y a factor of 2.236.

5

10 . What is the v ariance of the sample data set f 1; 2; 3; 4; 5g?

A. 2.0 B. 2.5 C. 10 D. 15 E. 55

End of P art I I�test con tin ues on next sheet.
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c
 MMX b y Ke i�

G. Calkins Octob er 31, 2010 In tro duction to Statistics�p df

5



A.2. RELEASED TEST: INTR O. TO ST A TISTICS, OCT. 19, 2001 97

P art I I I, T rue/F alse, 10%, 10 p oin ts.

10

11,12 . Circle T if the statemen t is true and F if the statemen t is false.

T F a. The car seat at 180

�
F is t wice as hot as the 90

�
F in the shade.

T F b. A car w eighing 1430 kilograms is an example of con tin uous data.

T F c. Three studen ts w ere absen t y esterda y is an example of discrete data.

T F d. Colors of cars is an example of the in terv al lev el of measuremen t.

T F e. Ratio data ha v e an inheren t starting p oin t.

T F f. This is an example of an op en question.

T F g. Range is a measure of disp ersion.

T F h. Y ou ma y omit empt y classes in a frequency table.

T F i. A frequency table's class width is the di�erence b et w een the upp er

and lo w er class limits.

T F j. In pro ceeding from left to righ t, the graph of an ogiv e can follo w a

do wn w ard path.

P art IV, Matc hing, 15%, 15 p oin ts.

5

13 . F orm the b est matc h among the follo wing disp ersion terms :

Cheb yshev's Theorem A. most data is in 4 standard deviations min. to max.

empirical rule B.

�( x � � )2

n
range rule of th um b C. 68%�95%�99.7%

standard deviation D. 1 � 1
K 2

v ariance E.

r
�( x � �x)2

n � 1

5

14 . F orm the b est matc h among the follo wing t yp es of sampling :

Random sampling A. p opulation divided, all subp opulations sampled

Systematic sampling B. ev ery kth
mem b er sampled

Strati�ed sampling C. all elemen ts ha v e an equal c hance to b e measured

Cluster sampling D. elemen ts migh t c ho ose whether to b e sampled

Con v enience sampling E. p opulation divided, few subp opulations exhaustiv ely sampled

5

15 . F orm the b est matc h among the follo wing mem b ers of a 5-n um b er summary :

Minim um A. This v alue is near the lo w er hinge.

Q1 B. This v alue is ab o v e the 99th
p ercen tile.

Median C. P75 is another name for this v alue.

Q3 D. D5 is another name for this v alue.

Maxim um E. No score in the data set can b e lo w er than this.

End of P arts I I I and IV�test con tin ues on bac k of sheet.
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P art V, Short Answ er/Completion, 15%, 15 p oin ts.

15

16,17,18 . Complete the follo wing sen tences with one appropriate w ord

(3 p oin ts eac h).

A. P arameter is to p opulation as is to sample .

B. statistics tries to infer information ab out a p opulation

b y sampling.

C. Be of con v enience sampling.

D. Better results are obtained b y instead of asking.

E. A b o xplot is also kno wn as a b o x and plot.

P art VI, Essa y , 10%, 10 p oin ts.

5

19 . Discuss whic h measure of cen tral tendancy is the b est.

5

20 . Discuss the di�erences in application and meaning b et w een the

empirical rule and Cheb yshev's Theorem.

End of P arts V & VI.

I ha v e b een careful to not allo w others to see m y w ork and the w ork on

this examination is completely m y o wn. This examination is returned and asso ciated solutions are

pro vided for m y o wn p ersonal use only . I ma y not share them except with concurren t classmates taking the iden tical course. Other

uses are not condoned. I will disp ose of it prop erly .

signature date

End of T est.�Chec k y our w ork.�Ha v e a nice da y!

25
c
 MMX b y Ke i�

G. Calkins Octob er 31, 2010 In tro duction to Statistics�p df
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Name Score

A.3 Key for Released Statistics T est: Oct. 19, 2001

One 3"x5" notecard and your graphing calculator allowed.

Place short answers on the blank provided toward the left.

Leave the scoring boxes blank. SHOW YOUR WORK. Each

of the 20 question numbers is worth 5 points. Allocate

your time wisely. Read the questions carefully. Hand in

all scratch paper and the cover sheet with your test.

P art I, Constructed Resp onse, 25%, 25 p oin ts.

Giv en the follo wing sample of test scores, p erform the indicated

op eration or calculate the statistical quan tit y indicated.

{83, 68, 66, 68, 98, 60, 42, 71, 75}

5

1 . Construct a stem-and-leaf diagram.

5

2 . Midrange .

5

3 . Arithmetic Mean .

5

4 . Standard Deviation .

5

5 . Sho w ho w to compute the z-score for the smallest test score. Put

y our answ er in the prop er format.

End of P art I�test con tin ues on bac k side of sheet.

25

Key

100/100

5

in order (ascending or descending)

no commas or horizontal lines

no missing numbers

Don't omit stem 5!

9 j 8

8 j 3

7 j 51

6 j 8860

5 j
4 j 2

5

70.0

(max+min)/2=

42+98
2 =70.0

5

70.1

83+68+66+68+98+60+42+71+75
9 = 631

9 = 70:111:::
Round to 3 sig. fig. or 1 more than data!

5

15.4 s = 15:35777; � = 14:47944
Data set is a SAMPLE so use s.

Round to 3 sig. fig. or 1 more than data!

5

-1.82

z = x i � �x
s = 42� 70:1

15:4 � � 1:82

Use 2 decimal places!

25

In tro duction to Statistics�p df

5
Octob er 31, 2010

c
 MMX b y Ke i�
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100 APPENDIX A. ODD SOLUTIONS AND RELEASED TESTS/KEYS

P art I I, Multiple Choice, 25%, 25 p oin ts.

5

6 . What is the mo de of the data set f 1; 1; 2; 4; 7g?

A. 1 B. 2 C. 2.2 D. 3.0 E. 4.0

5

7 . In a class of 30 studen ts the a v erage exam score is 70. The teac her

thro ws out the exams with the top score (whic h w as 90) and the b ottom

score (whic h w as 22) and recomputes the a v erage based on the remaining

28 exams. What is the new a v erage?

A. 65.4 B. 68 C. 69 D. 71 E. Insu�cien t information.

5

8 . What is the harmonic mean of the data set f 2; 3; 4g?

A. 2.77 B. 2.88 C. 3.0 D. 3.11 E. 4.0

5

9 . If y ou add 5 to eac h v alue in a data set, then the standard deviation

will:

A. decrease b y 5. B. sta y the same C. increase b y 5.

D. reduce b y a factor of 2.236. E. increase b y a factor of 2.236.

5

10 . What is the v ariance of the sample data set f 1; 2; 3; 4; 5g?

A. 2.0 B. 2.5 C. 10 D. 15 E. 55

End of P art I I�test con tin ues on next sheet.

25

5

A

One occurs MOST often.

Two is the median or middle value.

2.2 is the geometric mean.

Three is the arithmetic mean.

Four is the midrange.

5

D

30� 70 = 2100
2100� 90� 22 = 1988
1988=28 = 71:0

5

A

3
1
2+ 1

3+ 1
4

= 3
6+4+3

12
= 3

13
12

= 36
13 = 2:77

Other values are: geometric mean, mean/median

quadratic mean, and maximum.

5

B

The spread of the data doesn't change.

5

B

(1� 3)2+(2 � 3)2+(3 � 3)2+(4 � 3)2+(5 � 3)2

5� 1 = 4+1+0+1+4
4 = 10

4

25

c
 MMX b y Ke i�
G. Calkins Octob er 31, 2010 In tro duction to Statistics�p df

5



A.3. KEY F OR RELEASED ST A TISTICS TEST: OCT. 19, 2001 101

P art I I I, T rue/F alse, 10%, 10 p oin ts.

10

11,12 . Circle T if the statemen t is true and F if the statemen t is false.

T F a. The car seat at 180

�
F is t wice as hot as the 90

�
F in the shade.

T F b. A car w eighing 1430 kilograms is an example of con tin uous data.

T F c. Three studen ts w ere absen t y esterda y is an example of discrete data.

T F d. Colors of cars is an example of the in terv al lev el of measuremen t.

T F e. Ratio data ha v e an inheren t starting p oin t.

T F f. This is an example of an op en question.

T F g. Range is a measure of disp ersion.

T F h. Y ou ma y omit empt y classes in a frequency table.

T F i. A frequency table's class width is the di�erence b et w een the upp er

and lo w er class limits.

T F j. In pro ceeding from left to righ t, the graph of an ogiv e can follo w a

do wn w ard path.

P art IV, Matc hing, 15%, 15 p oin ts.

5

13 . F orm the b est matc h among the follo wing disp ersion terms :

Cheb yshev's Theorem A. most data is in 4 standard deviations min. to max.

empirical rule B.

�( x � � )2

n
range rule of th um b C. 68%�95%�99.7%

standard deviation D. 1 � 1
K 2

v ariance E.

r
�( x � �x)2

n � 1

5

14 . F orm the b est matc h among the follo wing t yp es of sampling :

Random sampling A. p opulation divided, all subp opulations sampled

Systematic sampling B. ev ery kth
mem b er sampled

Strati�ed sampling C. all elemen ts ha v e an equal c hance to b e measured

Cluster sampling D. elemen ts migh t c ho ose whether to b e sampled

Con v enience sampling E. p opulation divided, few subp opulations exhaustiv ely sampled

5

15 . F orm the b est matc h among the follo wing mem b ers of a 5-n um b er summary :

Minim um A. This v alue is near the lo w er hinge.

Q1 B. This v alue is ab o v e the 99th
p ercen tile.

Median C. P75 is another name for this v alue.

Q3 D. D5 is another name for this v alue.

Maxim um E. No score in the data set can b e lo w er than this.

End of P arts I I I and IV�test con tin ues on bac k of sheet.

25

10

5

D

C

A

E

B

5

C

B

A

E

D

5

E

A

D

C

B

25

In tro duction to Statistics�p df
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102 APPENDIX A. ODD SOLUTIONS AND RELEASED TESTS/KEYS

P art V, Short Answ er/Completion, 15%, 15 p oin ts.

15

16,17,18 . Complete the follo wing sen tences with one appropriate w ord

(3 p oin ts eac h).

A. P arameter is to p opulation as is to sample .

B. statistics tries to infer information ab out a p opulation

b y sampling.

C. Be of con v enience sampling.

D. Better results are obtained b y instead of asking.

E. A b o xplot is also kno wn as a b o x and plot.

P art VI, Essa y , 10%, 10 p oin ts.

5

19 . Discuss whic h measure of cen tral tendancy is the b est.

5

20 . Discuss the di�erences in application and meaning b et w een the

empirical rule and Cheb yshev's Theorem.

End of P arts V & VI.

I ha v e b een careful to not allo w others to see m y w ork and the w ork on

this examination is completely m y o wn. This examination is returned and asso ciated solutions are

pro vided for m y o wn p ersonal use only . I ma y not share them except with concurren t classmates taking the iden tical course. Other

uses are not condoned. I will disp ose of it prop erly .

signature date

End of T est.�Chec k y our w ork.�Ha v e a nice da y!

25

15

statistic

Inferential

wary

measuring

whiskers

5

See Statistics Section 3.3.

5

See Statistics Sections 6.3 and 6.4.

25

Oct. 22, 2001

c
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